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PREFACE. 



The three great branches of elementary mathematics, mean- 
ing all that should precede the study of the Differential 
Calculus, are Arithmetic, Algebra, and Geometry. Each 
pair of these gives rise to a new inquiry, namely, the con- 
nexion which exists between the two. Thus, it is practi- 
cable to consider separately, 1. The application of arith- 
metic to algebra, and of algebra to arithmetic. 2. That of 
arithmetic to geometry, and of geometry to arithmetic* 
3. That of algebra to geometry, and of geometry to algebra. 

This will, at first sig:ht, appear something like an undue 
quantity of distinction : nevertheless, with the exception only 
of the two-fold comparison of ;aiPithmetip with geometry, 
there is in it no degree of separation which cannot be fully 
justified, either as matter of necessity or convenience. 

The application of arithmetic to algebra is made in the 
very formation of the latter science, though based upon 
considerations neither known nor admitted in the former. 
But, nevertheless, those considerations are derived from 
arithmetic in this sense, — that the want of them is suggested 
by the imperfections of the latter, and the method of arriving 
at them by the manner in which those imperfections appear. 
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The ideas to which arithmetic cannot fail to bring m, are 

more than its language has power to express; and the 
passage from that science to algebra consists in the method- 
ical anangement of ihe ideas to be expressed, and the 
invention of a language proper for the purpose. The appli- 
cation of algebra to arithmetic is a department of a more 
special character. It is of little consequence whether it be 
made a separate study, or not ; the indispensable branches 
of it appear in tl^eir proper places, and uothmg more is 
necessary than to point out the connexion. The higher parts 
of what is called the theory of numbers have offered, as yet, 
singularly little aid in the application of mathematics to the 
sciences of matter, and may, therefore, be omitted entirely 
by the student whose wishes on this subject are bounded by 
the possession of an instrument for physical inquiry. Neither 
will the more exclusively mathematical student find any 
thing in that theory for which he should make special pre- 
paration in his elementary reading : I have, therefore, omitted 
it altogether in my Algebra. 

The application ot arithmetic to geometry must be made 
AS soon as the study of proportion begins. But, viewed by 
the side of arithmetic, geometry becomes the sdenoe of 
continuous magnitude in general : that is to say, the con- 
siderations on which it is necessary to dwell are such as 
apply equally to all magnitudes, as well as to spaces or 
lengths. In the accompanying* treatise. On the Ccnnexion 
of Number and Magnitude, I have endeavoured, at least, 

* I have pkoed «his trestiie at ihe end of the THgmomtirgf bat 
it thould be undnttood as intcnM to be read first, or, at losst, that the 
" tiro should be resa together. 
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to place the real difficuUies of the subject before the higher 
class of studenU ; guaranteeing nothing more than this, that 
a larger proportion of readers will understand the tract in 
question than would, by themselves, be able to master the 
Fifth Book of Euclid. The extension of the arithmetical 
notion of ratio, (shewn to be necessary, as well as furnished, 
by the considefation of magnitude in general, but principally 
of space magnitudes), constitutes the primary portion of 
the application of geometry to arithmetic* 

The application of algebra to geometry is divisible into 
two distinct subjects. I. The science usually called by that 
name, but which may be styled the theory of curves and 
surfaces. 1 may say of tins part of the study, that though, 
on various accounts, it is very desirable that it should be 
made a separate branch, still it is not indispensable, A 
student of more than average intelligence might pick up, as 
he went along, enough of this part of mathematics to enable 
him to pursue his career : no new principles are insisted on, 
and the independent value of the subject mostly lies in the 
very extensive field of practice which it opens in the ele- 
ments of geometry and the operations of algebra. 2. Trigo- 
nometry: the subject of the present treatise; on which 1 
pioceed to speak more at length. 

The notion which is now studied under the name of 
Trigonometry, is that of magnitude in a state of alternating 
increase and decrease, or periodic magmtnde. The term 
itself merely implies the measurement of triangles, as geo- 
metry does that of the earth ; and it is stfll convenient to 
refer the measurement of triangles (and other figures) to 
trigonometry, but only as a minute and isolated application. 
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Taking the primary idea of quantity alternately increasing 
and decreasing, it is obviously of fandamental importance 
to detect a proper method of measurement. The circle 
presents itself for the purpose in the following way. Con- 
ceiving a periodic change of magnitude to run through its 
whole cycle in a given time, let a point revolve uniformly 
round a circle in the same time, starting horn the end of a 
fixed diameter. The height of the point above the diameter 
is a periodic magnitude, which goes through all its changes 
in the same time as the given magnitude : and it is, in 
fact, one of the great objects of trigonometry to express 
periodic variation whose law is known Mn any way, by 
means of the simple species of variation just described. 

Upon further examining the question of periodic varia- 
tion, we discover in geometry, and in geometry only, a 
species of magnitude which is of necessity periodic, and is 
utterly exclusive of indefinite increase : namely, direction. 
In speaking of the direction of a line as a magnitude, we 
mean to imply that all direction is relative, inasmuch as 
we only judge the direction of one straight line by com- 
paring it with another. No straight line can increase Its 
difference of direction from that of another indefinitely : 
after a certain quantity of change, coincidence is reproduced. 
The connexion of direction with length is found to lead to 
an extension of the algebra of positive and negative quan- 
tities, which gives the same power of interpreting a-^b^ — 1 
relatively to a, as exists already in the case of + a or 
lelatively to a. This is an application of geometry to 
algebra ; and, though there does exist a point of view in 
which geometry may appear not absolutely indispensable. 
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and which I have described la CiiupLei IV., yet it is preity 
clear that abBtraction must advance considerably before it 
will be safe to abandon reference to the science of space in 
presenting algebra complete to the beginner* The progress 
of algebra, in this respect, is very curious* In its infancy, 
geometrical interpretation was rendered necessary by want 
of power in its symbolic language; was abandoned as the 
latter grew to maturity ; and is finaiiy had recourse to again, 
because symbols are now sufficient to express relations of 
magnitude which do not yet exist except in regard to space. 

This modern application of geometry to algebra is traced 
in Professor Peacock's Report on Analysis to the British As- 
sociation, printed in the second volume of their Transactions 
(a.d. 1834), The account there given of this particular 
point, as well as the rest of the article, should be read by 
the student of the higher mathematics with great attention, 
as being equal, in the elementary point of view, and superior 
in the historical, to any thing which has yet appeared on 
the subject The Report cited has rendered any reference 

to authorities utinecessary. 

I have not inserted any thing on the solution of spherical 
triangles ; the subject being one which, though of primary 
use in Astronomy, is but little counected with the funda- 
mental part of Trigonometry* I should have added a 
chapter upon the subject, had I not already published a 
treatise in the Library of Useful Knowledge, to which I am 
thereby enabled to refer the reader. 

A. D£ MORGAN. 

University CoUege, LondoHf 
Harch 1, 1837. 



Digitized by Google 



ERRATA IN " ELEMENTS OF TRIGONOMETRY." 



Page 7, Corollaries 1 and t,Jor the circlea C and C, r«ad the circle C ; 
for P rea</ P', 

20, line 8, /or ^ 1 fva<i x i. 

«0. Ime 8, for — + ~ read — x-1. 

»• — * )• -J 

26, line 2, /ar A"0 C", read A'^'O C". 

26, line 14, for C"N, read C"N'. 

— - — 31 , line 11, /or O, read 0. 

~ 4si, ime 12, s<n7ce uat sines of the. 

81, line 6, /i>r ! m<I ! . 

2 2 

8i,lme8^nkthe end,/er l'4-f^»«''«^ read s'xi*'**''*^ 

1$9, line /or rwd 



ERRATA IN " CONNEXION OF NUMBER AND MAGNITUDE." 

Preface, page iv. line 17, for that, read than. 

Page 5, lines 7, 8, and 9 from the end, transpose P and X j and Q and Y. 

9, line 9, for B, read A . 

10, line 19,/«r l¥ = fM, read l¥ ^fL, 

M, Ibe 4irom Ae end ,/or processes erobling, read process resembling. 

27, line 16, for read A. 

34, line 13, for are, read is. 

3.>, line 3, for less, ? ^arf greater. 

4o, ime 13, for may be named, read is named. 

46, last line, /or v( B + K ), read k;(B + K). 

47, line \,for v (Q + Z). read u (Q + Z). 

— - 47, line 2, for vQ rmd wQ, and Z may be as small as we please. 

53, last line,/or B + C + F, read B + D + F. 

58, line 5 from the endj^br B, read D. 

61, lines «, 4, 6, 7, /or m P, read nP. 

66, line 14, for in wbicb, rwrd in which we see. 

74, line 10»/ar V : L', read V^: U. 

76, line 17,/w X,, read X,. 

78, Ifaie 10,/er for, rsati from. 

— ^ 79, line 18,/er a*»*, read a*B*. 

80, line 16,/er 10, read lOV. 

— 80, line «0,/er VfcX, read V&«. 
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CHAPTER I. 

DEFINITIONS AND FUNDAMENTAL FORMULA OF TRIGO- 
NOMETRT IN THE CASE OF ONE ANGLE. 

(1.) Trigokohetrt origiaally meant simply tlie measuremeDt of 
triangles. It now means measurement generally by means of the 
properties of triangles^ in all cases in which the connexion between 
sides and angles is concerned, not sides only, nor angles only: 
together with all consequences of such measurements as are useful 
in the higher parts of mathematics. If algebraical symbols and 
operations be adopted, as is now universally the case, it is a branch 
of the application of algebra to geometry. 

(2.) If a line U, taken at pleasure, he called the linear unit, or 
1 of tength, then 2U is called 2, §17 is called |, and so on. And 
any line incommensurable with U is denoted by a general symbol 
such as tf, where, if the line specified were commensumble with U, 
a would be a number or fraction, and aU would represent the line. 
Let tiU biill represent the line, where, in the theory, a is a symbol 
for the ratio of the line to U ; and, in practice, a line as near as we 

please to the incommensurable line is taken, namely, - U, and ^ 

i.9 substituted in results instead of a. I here suppose the student 
to have read the preliminary treatise : if not, he must be content with 
the application of the following proposition. 

Two lines being given, A and B, either two whole numbers m 

and n can be found, so that B=s'^A: or so thai - A shall be as 

near to B as we please. 

The same constdetations apply to any other magnitudes*; to 
angles for instance. 
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(3.) Before proceeding to ascertain how a line may depend upon 
an angle, or an angle upon a line, it may be useful to shew that we 
are, by means of geometry, able to determine lines from lines, without 
coDsideration of angles, and angles from angles, without consideration 
of lines. The complete detenniaation of some angles of a figure by 
means of the rest, whenever tliat is possible, is coDtained in Prop* 32 
of the first book of £aclid. If o„ a, , • . • an be the n angles of a 
rectilinear figure which has do re-entering angles (pointing inwards), 
and if # be the angle made by a line and its continuation, or twice a 
right angle, then 

In a triangle Oi + + ^3 = 

Hence all the angles of a triangle are known when two are known. 

(4.) The determination of lines by means of lines depends 
mostly upon the two following propositions : 

I. 47. If A, B, and C, be the sides of a triangle, and if A and B 
contain a right angle, then the squares on A and B make together an 
area equal to tlie square on C. 

Let A, B, and C, contain respectively a, b, and c, of any linear 
unit. Then (Arithmetic, §234.), if a be a whole number or fraction, 
the square on tlie unit (which call T) is contained aa times in the 
square on A, or the square on A is aaT. Similarly, the square on B 
is bbT, that on C is ccT; whence 

aaT + bbT = ccT 

or T taken aa-^hh times is T taken cc times« Therefore, 

aa hb = cc 

[When * a, b, and c, are either of them incommensurable, this 
equation no longer exists arithmetically. We shall give the strict 
developement of tliis proposition in such a case. Firstly, the ratio 
of the square on A to the square on U (the linear unit) is that com- 
pounded of A : U and A : U. Let A be to U as U to X ; then 
(VI. prop. Ki.), the rectangle whose sides are A and X is equal in area 

• The paits in brackets are for the student who has read the 
Introductory Treatise in such a manner as to believe he underUands it* 

I'he references are to the articlei of my treatise on Arithm^ef the 
jmges of my treatise on Algebra, and to the booka of Euolid. 
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to the square on IT. Therefore^ the squares on A and U are two 
rectangles with a commoa altitude A, and bases A and X ; con- 
sequently (VI. 1), 

Square on A : Square on U :: A s X 

Bnt A : X is compounded of A : IT and U t X, that is, of A : U and 

A : U. Now, let the ratio of A : U be represented by a : 1, and the 

compound rauo hy aa : 1. Then we have, proceeding in a similar 
way wiih the other sides, 

Sq. on A : aq. on U :: aa : 1 
Sq. on B : sq. on U :: (6 : 1 

Sq. on A-f-sq. on B : sq. on U :: aa + 66 : 1 
But, Sq. on C : sq. on U :: cc : X 

Therefore, Sq. on A+sq. on B sq.on C s: aa-^bb : ee 
But, Sq. on A + aq. on B as sq. on C» therefore, aa -|- bb sscc 

or let tfie ratio of A : U have any symbol a : 1, Sec, and let aa : 1 
represent the ratio compounded of a : 1 and a : 1, and let -fn : 1 
mean llie ratio of the sum of two magnitudes to U which are severally 
to U as w : 1 and n : 1, agreeably lo the definitions in the preliminary 
Treatise^ and we bare what should in strictness be written 

aa + bb : I :i cc : I 

When A^ B, and Cy are coniniensoxable with Uy then a, bf c, 
mean whole numbers or fractions^ and the preceding is reduced to 
aa-^bbssce ai before. If o, bp and c, be whole numbers or frac- 
tions, sock that aV, 6U, cV, are very near to A, B, C, then we have 

aa-^bb = cc very nearly; but if a, 6, and c, be really symbols of 
incommensurable ratios, or rather « : 1, 6 : 1, c ; 1, then Uio pie- 
ceding proposition can only be interpreted with reference to mag- 
nitude; namely, as aaU-i-&6Us=ccU where aaV : U is the ratio 
compounded of aV : U and a\J ; U, or A : U and A : U.] 

(5.) VI. 4. If A, B, C, and P, Q, It» be the sides of equi- 
angular triangles; namely, the angles opposite to A and P equal, ticc. 
then, 

A:B::P:Q, B:C::Q:R, C:A;:R:P 

If the ratios of the sides of any triangle be known, the angles are 
g^ametrkally known-; that is, we can construct the angles, but cannoi 
yet find their mtios to one another. 
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If tho sides of the Ant triangle be aU, dU, eV, and those of the 
seeond pV, gV, rV, we have (a, b, and being numbers or 
fractions) 

q aq =t ph 
r hr 9s: qc 

p ■ cp = ra 

[If these represent incommensurable ratios, let the student treat 
these equations in the same manner as aa + = preceding]. 

(6.) I now proceed to a case in which lines are numerically de- 
termined by lines* Let there be a triangle ABC> in which, U being 



a : h::p 
h : c:: q 

c : a\\r 





an arbitrary linear unit, we have 

AB = cU 1 

no IT I required CK, the perpendicular on cU; and 
6XJ i ^"^ ^''^ segments * of AB. 

KB =yU, KC«i?U 
x-\-y ^ c 

y2 + p2 as fl« 



In both 



CA 

Let AK = a;U, 
Then, in the first case, 

second . . 

First Case. 



Second Case. 

c(a? + y) « a« 



* If K be a point in A B» or A B produe^d, A K and KB are called 
MegmwU of A In all cam. If K lie between AandB,AK + KB« 
AB; if K lie beyond B, AK-KB-AB; if K lie beyond A^ 
BK-KA-AB. 
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First Case. Second Case. 

2c . * 2c 

^ 2c y 2c 

Bill l)oth cases might have been contained in one, by adopting the 
conventions of algebra, instead of keeping to aritlinietic ; for, if we 
suppose the second case to be made fiom the first by moving B to 
tfae lefty we see that 6K ivill be measured in a direction eontrary to 
thait which It had at first. If, then, the formula of tlie first oaae had 
been used to deteimine BK in the second case^ we should have been 
warned lo measure B K in a direction contniy to that aaaumed, by its 
negative sign. For instance, let c—2, azszZ, 6=4; then we have, 
taking the formula of the first case, 

That isy BK is -U in magnitude, not on the same side of E as in 

the case IVom whence the formula was aritlmietically derived, but on 
the contrary side. {Algtlm, chapters I. and II.) 
To find p, we observe that 

p^^<^-r^ 

^ 4c* 
4c* " 4c« 



Let a + 6 + c=2« \ fc«|>*5ss4<(«— a)(«— c) 

then 



As this result will appear in the sequel, we have chosen it as our 
instance ; and by proceeding with the two propositions in question, 
it is thus possible to determine lines in terms of linesi without the 

b2 
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necessity of employing angles as means of expression. I now pats 
on to the consideration of an angle connected with a line. 

(7.) From the Sixth Book of Euclid it appears, that though 
given lines will determine angles (as^ for inatance, tbe three sides of a 
triangle being given, the angles can be constructed, both internal 
and external), yet tliat it is not necessary to give tbe lengths ; for 
any other lengths which have the same relative mi^itndes will 
give the same angles. Indeed, the Sixth Book of Endid is, in great 
part, an inductive proof of the following proposition. If the absolute 
lengths of all the lines in a figure be altered in the same ratio, the 
angles of the figure are not altered : hence, angles depend upon the 
ratios of lines. The line with which an angle is most connected is 
the arc of a circle, and it will be necessary to know something more 
of this figure than can be directly found from the elements. We 
shall indicate the principal steps necessary, which may be readily 
filled up by a student who understands the Sixth Book. 

(8.) Dejimitiov. a bounded figure is called conoedr, when 
no straight line whatsoever can meet its boundary in more than two 
points, unless it be itself part of the bounclo.iy. 

(9.) Theorem. If one convex rectilinear figure be entirely con- 
tained within another, tlie boundary of the contained figure must be 
less than that of the containing. 



A 




Let ABCDEF and GHIKL be the containing and contained 
figures, then, l. MN h less than MABN, or MNCDEFM is 
less than ABCDEFA. 2. Similarly, LODCNL is lesa than 
MNCDEFM; 3. KPCNLK is less than LODCNL; 
4. KIQLK is less than KPCNLK; 5. KIHGLK is less than 
KIQLK. Whence the proposition. 

(10.) PoBTVLATB. Let it be granted that this theorem is also 
true of convex curvilinear or mixtilinear figures. 
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(11.) Tbeokem, If the homologous sidei of two simihir recti* 
linear figures may be made as nearly equal as we please, the figures 
tbemseWes may be made as nearly equal as we please^ boUi in length 
of boundary and area. We leave the demonstration to the student, as 
it is a yeiy simple consequence from the Sixth Book. 

(12.) Tbbobbh. For every rectilinear figure which can be de- 
scribed in any one circle, a similar figure can be described about any 
other circle. We shall merely indicate the construction, and leave 
ihtj student to finish the demonstration. Let C be a circle, and P 
any inscribed polygon ; let C be another circle ; in it inscribe P 
similar to P. Bisect every side of F, and draw radii through the 
points of bisection. From tlie extremity of each such radius draw a 
tangent; then will the polygon F', formed by all the tangents, be 
similar to P' and to P. 

CoroUary !• The circles G and C are contained, both as to length 
of boundary and area, between P and P" 

Corollari^ 2. liy making the i^adii sufficiently near to equality, P 
and P" may be made (11. )j both in boundary length, and area, as near 
as we please to each other : and if we are at liberty to give P as 
many sides as we please, and as small (10), the same follows of the 
circles C and O themselves. 

CaralUay 3. And all these results are equally true of seetors of 
circles which contain the same angle. 

(13.) Theorem. If in a circle a polygon be described^ of which 
no one side exceeds Z in length ; then, if Z may be made as small as 
we please, the polygon and circle may be made as nearly equal as we 
please, both in boundary length, and area. 

For, under tliese circumstances, as may be easily shewn, the in- 
scribed and similarly superscribed polygons may be made as nearly 
equal as we please in both respects; and (10.) the circle lies between 
them in both. 

Corollary. The same is true of any seetor of a circle. 

(14 ) TflEOREit. The circumferences of circles (or of similar 
sectors) are as their radii, and their areas as the squares on the radii. 

Let the radii be R and R', and describe in the circles two similar 
polygons, having all their sides severally less than 2. Let P and P* 
be the whole boundary lengths of the polygons, and let C and C" l>e 
the circumferences of the circles. But the boundary lengths are j>ro- 
portional to the lengths of two homologous sides, which are to each 
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other as the radii, and (12.) by making Z sufficiently small, these 
Mine leogtha may be K and C— K'^ when K and K' are as 
small as we please* TbmcHf we have (howerer small K and Kf 
nay be% 

C-K : C-K'::R : E' 

If possible^ let C be to C not as B to R', but, fiistly, in a greater 
latio. Then 

C is to C more than C — K is to C — K'; 
or mC exceeds nC where mC— iaK does not exceed nC— nli'. 

Let mCssnC'+V; then iiC+V->mK does not eiceedfiC'<-»iiK', 

and, still more, does not exceed nC* 

Consequently^ in K is at leait equal to V ; but V is determined with- 
out re&fenoe to K from C and and K may be as small as we 
please. Therefore^ it may be so taken that tnK shall be less than V. 
But if the supposition under trial be true, mK must at least be equal 

to V ; therefore, that supposition is not true, or C is not to C more 
than R to U'. If possible, let it be less ; then we have, by similar 
reasoning) 

mC is less than nC where tnC — mK is not less than nC— «K', 

Let »wC— «C'— V; then nC— V— otK is not less than nC— nK', 
still more then nC—V is not leas than nC — nK'; 

ot, nR' is at least equal to V. This, as before, shews that the sup- 
position cannot be true. Whence the first part of the theorem 
follows ; and the same may be similarly proved of the sectors. 

Let A and A' be the areas of the circles, and Q and Q' the squares 
on the radii ; whence it follows, that A — L and A' — JJ being the 
areas of the siniilar polygons, (12.) L and L' may be made as small 
as we please. But (VI, prop. 19.) we must have, 

A-L : A'-L' :; Q : 

and, precisely as in the former case, we find that A is to A' neither 

more nor less than Q is to Q'. Hence, A is to A' as Q to Q'. 

Now, let the studeiil >he\v, that the area of a regular circumscribed 
polygon of n sides is ^nr^T (see next article), jU being one side: 

> 

and thence, that cU and aT being the ciicomference and area, we 
must have a 8 |cr. 
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(15.) Algebraically, let rU and r'U be the two radii, cU and 
cU the circumferences; then we have. 



e : d :i r : r' or - 

f* 



P 



If T be the square on U» die areas aT and t^T are as rrT and 

f'f'T, or, 

a:a::rr:rr ^r^p^ 

(16.) The ratios represented by - and are iocomoieDsuiable; 

but we have very nearly 



? ^ 113 



a 



355 
113 



Let the ratio, which is incommensurable, but very near that of 

355 : 1 13, be represented by <r : 1 ; or, in the more common way of 

speaking, which uses inoommensurables as commensuiables, let ~, 
which is the same for all circles, be called 2 Then we have 

c = 2«'r - - 

355 



er s nearly 



113 



nearly 3-14159 



To prove the preceding, we have not yet the means. Let us agree, 
however, to denote p whatever it may be, by 2 r. 

[But for those siudcnts who dislike to leave any thing behind 
which is afterwards to be proved, we shall establish the following 
proposition, which assigns the approximate value of «*. 




Let BC, D£, be the sides of regular polygons of n sides, in- 
scribed and circumscnbt^d about the circle where radius is O A. 
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Draw a taugciu at B, and coniplele the figure as shewn. Then will 
BA, AC, be sides of the polygon of 2n sides inscribed, and BK, 
K Ay are lialves of sides of the circumscribed polygon of 2» sides. 
Let and Bp mean the areas of the interior and exterior polygons 
of p Mdei« Thence, mt have, 



I. : I 



an 



triangle OBC 

OBM 

OM 

triangle OBA 

OB 
CM 



2 X tnaogle QBA 

OBA 

OA 

Uiangle CD A 

OD 
OA 



Therefore, 



I» : Is,. :: !«« : 



If, thru, T be the square on the linear unit U, and if ln = inT, 
&c. we ha?e 

Ag^ (VX> 3.)» 

: AO : OD : : MO : OB 

: MO : MO+OB 
: MO : MO+OA 
: I» : I« + hn 

: 2 X triangle AOK 

: 2AK 
:2I« : I. 



AK ; KD 
AK : AD 



And 



triangle ADD 

AD 



whenoe 

which fomiQl»i namely. 



2 ia»' 



enable us to peas in numbers approximately from the areas of any 
inscribed or ctreamscribed polygon, to those of double the number of 
sides. 

Let the linear unit be the radios itself, and T, therefore, the square 
on the tadius. We have, then, on inspection (or IV. 6, 7.) 

I4 « 2T E« » 4T 
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t4 = 2 = 4 

/ = ^ 32(2^V2) , 

2\^2+4V2— Va 

These expressions shew no very easy law; but if we begin with 
approximate values of the second pair, namely, 

t4 » 2 t. « 2-8284271 

64 4 6. s 3 d]37085 

and proceed with these approximations, it will be found, by a calcu- 
lation which may appear laborious (but, as we Ijave said, this digres- 
sion is for students ivhose iiidustiy exceeds Uieir disposition to believe 
without proof), that we have 

Approximate fraction 

Number of sides of T contained in INtto, Ditto, of tbe 

in the polygon. tbe area of the in« eticnmaciibed polygon. 

■eribed polygon. 

4 2*0000000 4*0000000 

8 28284271 3-3137085 

18 3*0614674 3*1825979 

32 3*1214451 3*1517249 

64 3 1365485 3-1441184 

128 3 1403311 a 1422236 

256 3- 1412772 3 1417504 

512 3-1415138 3-1416321 

1024 3 1415729 3* 1416025 

2048 3*1415877 3-1415951 

4096 3*1415914 3*1415933 

8192 3*1415923 3 1415928 

16384 3*1415925 3*1415927 

32705 3-1415926 3 1415926 

Kow, the area of the circle tsclf lv,ays lies between those of the 
inscribed and circumscribed j Ktlygon ; and ihe polygons of 327G3 
sides, inscribed and circumscribed, do not differ, (slight errors of 
approximation excepted, which may affect tbe last place), by the tm- 
malUonth part of a square iioit» We may say, tbeoi tbat the em of 
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DEFINITIONS AND 



355 

ibe circle is approximately 3*14159 T, or-r-— T ?eiy nearly; ihat is^ 
r s 3' 141 59 very nearly.] 

(17.) Lemma. If the same magnitude be ju unii^ of one kind, 
and m' units of another kind, or if mU =j»'U', then m : to' ::U': U, 
and if U' s=/cU, then m^m'k. 

(18.) Let there be two differont angles, BOA, B'OA', and 
describe different circles AB, A'B'. Let the gifen quantities be 




the radius OA, and the arc AB; the radius OA' and the arc A£^. 
Beqnired the ratio of tbe angles. 

(VI. 33.) Angle BOA : Angle B OA' :: BA : VA 
(14.) OA : OA' :: VA: B A' 

Therefore, BA : B'A', the ratio of the arcs, is that compounded of 

the ratios of the angles and die radii. Let U be the linear unit, 
e the angular unit; and let 

BA««U, B'A'=s«'U, OA = rU, GA'^f^U, 

Angle BOA = 6 ©, Angle BOA' = HQ 

Then : f^^ ii s : ^ 

(f r if 

or T = :s • - 

(19.) We have already seen that there has happened a case 
{Alschra, p. 226.) in whicii one system of suppositions is inoi-t con- 
venient in analysis, while another is so in practice; namely, in the 

choice of a base for logarithms^ where 2-7182818 is the base 

of analysis, and 10 that used in applying logarithms to ooroputations. 
Just so, in the present instance, there is an angular unit which it is 
coiiTenient to adopt in investigations, while another unit is universally 
supposed in practical applications. And the neglect of distinctioR 
between these two units is the sturobling-block of the beginner, 
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though the necessity for the distinction is too great to allow us for a 
moment to think of abandoning one or the otli* i unit. 

(20.) 1. The anulj/tical or theoretical vuiit (^ihere is no distinct 
term for it in general use) is the angle which has an arc equal to the 
radius. If, in a solid circular plate, we stretch a thread equal to the 
laditts from point to point of the edge, the thread is then the side of 
a regular hexagon (IV. 15.) and subtends two-tbiids of a right angle. 
If, then, we bend the thread over the edge, it will (no stretching 
being supposed) subtend at the centre tomewhat le$s than two-thirdx 
of' a right angle, which is the first rough notion of the anal) ijcal unit. 

(21.) In the process oi (10.)> « = r, antl let H be the ana- 
lytical unit; then 6 e» is also the same, or 0 = 1, and we have 




or to determine the number ufanalytical units in any angle, divide 
the number of linear units in the arc by that in the radius. 

Henee we can easily ascertain how many analytical units there 
are in one, two, &c. right angles. The radius being rU, the whole 
circumference is Siirr U, and its fourth (or the arc of a right angle) 

is number of units in which ^2''* "^^^ divided by the 

If 

number of units in the radius, or r, gives 

The right angle in analytical units is approximately, 1*5707963 

Two right angles are ^ 31415926 

Ibree right angles - cr 

Four right angles 2ir 

(22.) 2. The practical method of measuring an angle is well 
Icnown to be as follows. Let the 90tb part of a right angle be called 
a degree f the nxtkth part of a degree, a mimUes the thtUth part of 
a minute, a second. Let these be denoted by 1^, V, t", which are 
not symbols of number, but of magnitude. TAey are angles. We 
shall always denote the theoretical unit by e. 

i^'s 60.1' » aeoo.r' 

A right angle = 90.1° = 5400.1 = 324000,1" = 1-5707963 G nearly. 

9 
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HeuM l^* «B •01745329 BMuly e «ar 20^^264*8.1 

r « -000290888 e .... e « 8487-747.1' .... 
r' « -0000048481 e .... e = 67-29578.1*' .... 

(23.) It is usual to divide the ciicumfiBreiifie of a dide into 
360 equal parts, and to call eadi pari a degree ; the sixtietli part of 

a degree a minute, &c. To avoid confusion, I shall call these iineor 
degrees, ntiiiuies, &:c. Thus, every circle has its own linear degree ; 
and the greater the circle, the greater the linear degree. On a circle 
of the earth, the linear degree is 69 miles and a half (a little less) 
in length. The student will remember that a linear degree and a 
degree ate two things as different as a line and an angle. 

(34.) It is very common among writers on this subject to con- 
found «- and 180° or 180.1% ^ and 90^" or 90.1^ Thus we see 

2 

sometimes such equations as 

<r 8 180° 1 = 90** 

which are equations of as little title to existence as 

1760 = 1 or 20 s4 

instead of 1760 yards =s 1 mile^ or 20 shillings = 4 crowns. 

The angle, whidi in theoretical units is w, in degrees Is 180. But 
it doei not» therefore, follow that w = 180, any more than tliat 

12=4, because that length which in feet is 12, in 3rards is 4. 

(25.) We now proceed to a more general use of t!ie word 
measure, which frequently occurs in practice. One quantity is said 
to measure another, even when the two are of different kinds, if any 
change whatever made in the one is accompanied by a proportional 
change in the other^ so that if A of the one give B of the second, 
mA of the one always gives mB of the second, whether m be 
whole or fractional, or the representative of an incommensuiahle 
numerical symbol. 

Thus, angles are measured by arcs of given circles ; for on the 
same circle any alteration of either arc or subtended angle produces 
a proportionate alteration in the other. Between given parallels, 
the art as of rectangles are measured by their bases. But a square 
is not measured by its side ; for if the side be doubled, for instance, 
the.squaie is not doubled, but quadrupled. 
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(26.) One magnitude or ratio is determined by another, when, 



Uie tirst being given, the second is given ; or at lea&t when, the fiwt 
iieing given, the second cannot be any thing we plensp, but must have 
one or other of a certain finite nmnber of Talaee. Thus, one angle of 
a triangle being given (VI, 6.), the ratio of themtaining sides de- 
tennines tlie other two angles, or rather, determines one of them ; ibr, 
one angle being given, the sum of the other two is given : the ratio 
of the containing sides, vrith the relation just mentioned, detennines 
both the remaining angles. 

(27.) If one angle be given (VI. 7.), the raljo of iwo titles, 
which do not contain that angle, absolutely determines the oiiier 
angles, if the given angle be a right angle or more; but if the given 
ai^te be less than a right angle, the ratio of the two sides (which do 
not contain it) determines only two values of each angle, one of which 
it must be. We shall afterwards have to return to this point. 

(S8.) An angle, in Euclid, is only one of the angles or openings 
made by two straight lines, namely, that opening which is less than 
the opening made by a line and its continuation, or less than two 
right angles. But any two lines which terminate in their point of 
meeting:, make two angles, one less and one greater than two right 
angles, the sum of both being four right angles. 



($9.) The fimndations of trigonometrical notation aie as follows ( 
Let a stfaight line OB, setting out (icom the position OA, revolve 
round the point O. Let AA" and A' A''' be at right angles, and let 
lines measured from O towards A, or from O towards A', be positive, 

while lines measured from O towaids A , or from O towards A"', are 
negative. Let positive angles be described when the revolution makes 



f 




H 



A 
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OB proceed from OA to OA', and let negative anglee be deecribed 
when the revolution makee OB proceed from OA to OA^'. And let 
ratios be poeitive when both their terms have the nine aign, and ne» 

gative when bolh their terms have difiereiit signs. 

Let the Euclidean angle AOli be OB, where o is the analjiical 
unit, so that 9 is the algebraical symbol for the angle expressed in 
analytical units ; then tlie whole revolution, or 4 right angles, being 
2 ire, the angle of two revolutions, or eight right angles, being 4w9, 
and so on, the line OB is said to make, with OA» an angle 

^0, or (2 r -1-^)0, or (4flr + ^)0, &c. 

according as we consider O B to be in its first, second, third, &c. 
revolution. Or the method by which we take into account the ne- 
cessity of considering the following proposition, " If a stiaight line 
revolve round a point continually, it will, in every succeeding revo- 
lution, pass again through all the positions which it had in the first," 
is by niakit)g the following assertion : The angles 0, 27r + 0, 4 :r -h 0, 
kc , and, generally, 2n7r -^OfU being a whole number, are the angles 
made by O B and OA in the first, second, third, &c., and, generally, 
in the (ti-|- l)tb revolution. The angles which it will be necessary to 
consider as denoting distinct positions, are those which are less than 
(bur right angles or 2ir6, if we only consider positive angles; or 
those which are less than two right angles in m^itnde, if we coo. 
sider positive and negative angles ; that is, which lie between -|- irB 
and — jrO. We shall, for the present, coufiue ourselves to these 
angles. 

(30.) We now proceed to define what we shall call the primary 
trigonometrical funeiiom of an angle, the names of which are the 
sine, cof tne, tangent, cotangent, iceant, coteeant, verted itae, and eo» 
vened time of the angle. And, firstly, whereas in old books on trigo- 
nometry these fiinctions are /ines, in every modern system they are, 
or should be, defined to be numhertt or, in the widest sense, 
ratios^ Secondly, the teiai ^inc is j iobalily from aa Arabic word, 
but tiie meaning is not well Icnown; tangent and secant s^xq of obvious 
Latin derivation ; but the definition we shall give has nothing to do 
with their etymology. 

Consider cosine as the abbreviation of " sine of the complement." 

cotangent " tangent of the complement." 

cosecant secant of tlie complement.'' 
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wbefe bj the complenieiit of an «agle it mcwnt tlie algebraical exeats 
of a right angle over the aogle in question. Thus, 9 e being an angle^ 

^e— 09 or (^'-*^^ e it the comptementyand^^O its algehraical 

re|Mnesentation. If the angle be greater than a right angle, the com- 
pkaitiit is negative. Similarly, if Al° be the aogle^ A being a 
number or fraction, (90— A) l"" is Uie complement. 




O I« Idt A 

First, consider an angle AO B less than a right angle. From any 
point B draw a perpendicular B M ; then the ratio of B M to BO is 

the sine of the angle A OB, which we may denote by meaning 

that if BM and B O be expressed in lin^ units, dien the number 
of units in BM, divided by that in BO, gives the number which is 
called the sine of AOB. 

The cosine, sine of the complement, is thus dedmsed : Let the 
triangles OLK and OMB be equal in all respects, namely, KL to 
OM, &c. ; then AO B aiid AOK make up a right angle, or AO K is 

K L O M 

the complement of AOB. Its sine is, therefore, or jy^, which 
is the cosMe of AOB. 

BM 



By the tangent of AO B is meant 

KL 



MO 



The cotangent of AOB is, therefore, -j^Qt or 

BO 



By the secant of AOB Is meant 

KO 



OM 



MO 
MB 



BO 



The cosecant of AOB it, therefore, -^y* ^ BM 
By the versed sine of AOB is meant or 1— cosine of AO B 

The coversed sine of AOB is, then, — — , or 1 — sine of A O B 
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(31.) Wben the angle is between one and two right aaglee»a» 
AOWf then let the same definitions be adopted, as follows (p. 15.) : 

sine. cosine. tang<int. cotangeut.^ bccaiii. cosecaot. 

h'M' OW B'W 0>r BO BO 

B'O OB' OM' B'M' OM' B'M 

wluch IS pos. neg. neg. neg. d^. pos. 

Remember that OB and OB', &c. hare no sign. Lines only aie 
considered as having signs + and — which must be in one of two 
opposite directions. 

When the angle is between two and three right angles, as AO fi^ 
(positively measured), then we have for the 

sine. cosine. tangent, cotangent, secant. cosecant, 
B'M" OM" B"M" OM" B"0 B"0 



B'O Ob" OM" b"M" OM" B"M 
neg. neg. pos. pos. neg. n^. 

When the angle is between three and four right angles, as AOBt** 

(po.<itively measured), then we have for the 

sine. cosine. tangent, cotangent, secant, cosecant. 

B"' M'" OM'" B"'M'" OM" B"^0 ^"O 

B"'0 OW" O M'" W" M'" O M'" B 'M 

neg. pos. neg* neg. pos* neg. 

The student should verify each of these assertions^ which we shall 
proceed to systematise. 

(32.) When an angle is less than a right angle, say it is in the 
hrat liglit ans^le ; when beUvttja one and two riglit angles, say it is 
in the second right angle, he. Mow, renaember the following table : 

sine and cosecant 4- » — 
coaine and secant 4. — .4. 
tangent and cotangent + — ^- — 

which will be found, on examination, to contain the results of the 
J receding ariicles thus. I wish to know wlietUer the sine, in tlie 
third right angle, be positive or negative ; repeat 

tine and cosecant, plus, plus, mifiut, minus, 

the third of which is negative f the answer required. Examine the 
preceding results, and see that this table contains them all. 

(33.) Now, from the definitions, make it appear that the second 
celumn of assertions below is a translation of the iirsl. 
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The side of a right angled 
triaogle cannot exceed the hy- 

pothenuse. 

The hyputitenuse of a right 
aogled triaogie Cannot be less 
than a side. 

Two lineSy of ady ratio whal> 
soever, may be the sides of a 
right angled triangle. 

All this is relative to. mimerical magnitudes, independently of 
sign. 

Corollary. \'^ersed sines and coversed sines are always positive, 
and never exceed 2. 

(34.) Now make the following abbreviations. 

Let BB or ^ A . 1^ be the angle. 



No sine or cosine ean exceed 
unity. 

No secant or cosecant can 
be less than anity. 

A tangent or cotangent may 
have any value whatsoever. 



Let 



sin 9 and read 
cos 0 



tan 9 
cot 9 
sec 9 



sine $ 
cosine 9 
tangeni 9 
cotangent 0 
9ecant9 
cosecant 0 
vened tine 9 



sine of U be written 

cosine 

tangent 

cotangent 

secant. 

cosecant ...» cosec 9 

versed sine vers 9 

coversed sine covers 9 ...... eoverted sine 9 

Similarly, let sine of A.l° be written sinA, &c. Observe, that 
if ae and A.l^ be the same angle, expressed in the two different 
units, then sin 9 s sin A, cosOsscosA, &c.; for it is obvious, that 
the angle itself has the same sine, &c. in whatever uniu it may be 
expressed. 

(35.) Fundameutal proj^rties implied in the definittoni* 
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Let U be the linear unit, and Ut OM tod OM' contain x linear 
units, the latter being marked — jr, on aoooont of dm contiary diMo* 
tionofOM'. And, fint» let AOB (in first right angle)89e; 

Then tin4 X coieetf £ x - I 

GO$i X Sec^Bs-X-sel 

r je 

tan^ X cot^ s ^ X - SB 1 

Let AOfi^ (in leeond right angle) then, in the lame ivay, 

sinB X ooaec^ as £ + I ss 1 eos^ x Hc0m— + -JL- as 1 &c. 

so that these formula are uniTersal, and we have the following coo- 
sequences of definition. 

The sine and cosecant are reciprocals. 

The cosioe and secaut are reciprocals. 
The tangent and cotangent are reciprocals. 
We have also 



9 x^r COS0 



(36.) Consequences of Euclid L 47. We have the equations (4.) 

««+2^«f<», a*+(-J^)«-r«, (-ar)«+y«==r«, (-x)2+(-y)2= 

Hie first of which (and the rest may be treated in the same way) 
mqr be written in three diflhrent forms, namely, 

0)' + = 1 or coi^^ + sin<^ s 1 
^ (f)* ~ G)* ^ 1 + tan 'tf = sec*^ 
1 + (p* == (^)* or 1 + eot«tf sscosec*^ 

Hence sin^^ = JL. « C^^^)* _ t^"*^ 

l + (i/-r-J?)* 1 H-tan«« 



Digitized by Google 



PUNDAMBKTAL FOBMUUE OF TRIGONOMBTBY. 21 



or siu^ s — - 

Deduce also 9ln0 ss' 




>/l +cot*l 

To tliese we may add the equations of definition 

vers ^ a 1 — . cos tfy covers ^ 1 sin tf^ 

(37.) The student should now, as an exercise, express each of 
the primary functions in terms of every other, as in the following 
table, where the meaning of t in each column stands at the head, 
and the value of the expressions in each horizontal line at the 
beginning. 



sind = 



tanO sBs 



cot9s= 



sec9 



sin^ 
t 



cos^ 



I 

t 

1 



coseclbS| - 



1 

1 



t 

t 

i 

1 
1 

t 



tau# 
t 

1 

t 

1 
7 



cot / 
1 

1 

7 

t 

t 



sec ^ 
1 

7 



1 

t 
t 



cosec^ 

7 

t 

1 



Thus, if we would know from Hie preceding the value of the cosecant 

in terms of the :>eca(iL only, we find 

sec 9 



cosec^ =: 



Vsec»e— I 



(38.) The next question is to determine what we may call the 
transition values of tlie primary functions, oamely, those which they 
should have when the angle is nothingy or onCf two, or three right 
angles exactly. F.or, in these cases, a look at the figure of (28.) 
will shew that the right angled triangle, which is the basis of the 
definitions, disappears altogether, so that, by any definition yet 
existing, theie are no sines, cosines, &c. But, agreeably to the 
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coavwtioiit of algabti, m ihall use the fbllowiiig extmioiit » 

abbreviations {Aigebra, p. 156.) 

If, when X approaches without limit to «, X dirolonli without 
limit, let it be said tint when x=:a, X=0: if, in tuch case, X 
approach without limit to A, let it he s;iid ihat when x =a, X = A: 
and if X increase without iunit, let it be said that wheu x=a 
X ss gt» c)r it inftiiite. 

(30.) Aoooiding to tbeae definitioiis, and obMtving what species 
of variation of nagtiltada each of the fonctioni undergoes, we have 
the fi>llowing table: 

— L -H- r 

0 1 right angle, 3 right angles, 3 ri^t angles, 

3 ^ 

or re or 90,1° or wQ or 180.1° or— 8 or270.r 



sine 


0 


1 




0 


— 1 


cosine 


1 


0 




— 1 


0 


tangent 


0 


oe 




0 


a 


cotangent 


QC 


0 




ot 


0 


secant 


1 


ot 








cosecant 


a 


1 




a 


—1 


vened sino* 


0 


1 




2 


1 


coversed sine 


I 


0 




1 


ft 


The first three lines are the n 


lost 


important. 


The student may 


shew that as 


the angle 


approaches 


eitlier of the 


tour intermediate 



values, its sine^ &c. approach the value in the table. 

(40.) But the following method will he more clear. We shall 
detennine Untar meoMum of the sme, coeine, &e. in the same manner 
as the arc of a ciivle is the measure of an angle. Let there be any 
linear anitU, and with centre 0, and ladins OAsU describe a 
circle, and itt the angle O AB, or ©O, be that in question. The rest 

BM 

of the figure will need no description. Now, because sinO s 

when BM and BO are expressed in units (let them be xU and U) 
we have sin^s s, or sme lJ = BM. Consequently, BM and the 
sine of 0 change in the same proportions; and BM may stand for 
the sine of 9 (as it might represent a sum of money, an area, or any 
other magnitude) being a linear measure of it, at the mte, to use H 
common phrase, of AO to a imtf. Or let OA be one immre, then 
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the fraction of a measure in BM is the sine of the angle AO B, and 
the fraction of a measure contained in the arc AB, 18 the fraction of 
an analytical unit contained in the angle A OB. Tn precisely a 
similar manner, OM is a linear measure of the cosine. But wiien 
we come to consider the taagenti we see that B M is not a meastm 
of it: for, if the angle in cwttH i the ehange of the tangent is the 




combined effect upon the ratio of a simultaneous increase ofBM, 
and decrease of MO. But both are represented in the increase of 
the line AT; for, by similar tiiangles, BM : MO : : AT : AO, of 
which AO rennins the same, and AT changes in the same latio as 
the tangent. Hence^ AT is a linear measure of the tangent of AO B. 
Simihirly, since OM : MB :: A'V : A'O, or AO, A'Vis a linear 
measure of the cotangent; and, since BO : OM :: TO : OA, 
then TO is a linear measure of the secant. Similarly, O B : B M : : 
VO : OA', or VO is a linear measure of the cosecant. Again AM, 
the linear nieabure of 1 — cos 0 and A'L, that of 1 — sin 0, are those 
of ver^ 9 and covers 0. Consequently, understanding by the linear 
unit U the radius OA, and also that the question " How many 
times also implies " What fraction of a time ?" and ^ What times 
and finction of a time?" we have the following list of synonymous 
questions, in which the blanks may be filled np out of the same 
hofixontal line. 

What is the ( ) of How many linear units 

the angle AOB? aie contained in ( )? 

sine • BM 

cosine OM 

tangent AT 
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What is the ( ) of How many linear units 

Uie angle AO B ? are contained in ( ) ? 

cotangent A'V 

secant OT 

cosecant OV 

versed sine AM 

covcTsed sine •••• A'L 

number of analytical units • thearcAB. 

Hie stndent may now readily construct the table in (39.) by 
observing tiic final statos of the linear measures. Tims, a? the angle 
diminishes without limit, the line A'V increases without limit, or 
(38.) tlie cotangent of 0 is infinite ; and so on. 

(41.) (Now, according to the old system of trigonometry, not 
yet exploded for the beginner, though every person must ptaotically 
get rid of it before be can advance ftr in analysis, the line BM is the 
sine, and not of the angle, but of Ihe arc AB. Tn this system, there 
is an iniimte number of sines to the same angle, corresponding to 
all the arcs which that angle can subtend ; and, consequently, it is 
always with reference to the radius supposed that all torinulee must 
be constructed. For example, it is uoi true that 

sin^^ + cos^^ s ] unless when the radius is 1 

butsin*9+cos*0sr^ where r is the number of linear units in the 
radius. This embarrassing consideration is always avoided in practice 

making llie radius the linear unit, and then substituting for the 
lines called sines, &c. their numerical proportions to the radius: 
which amounts in fact to the more modern method). 

(42.) We are now to consider, in connection with 0, the angles 
which exceed or fall short of any w hole number of right angles by 9, 
or which are contained in the following series. 

Bit w It 

all contained in the Ibrm where m is a whole number. 

But, in the hrst place, we must observe that any addition or 
subtraction of four right angle.o, or multiples of four right angles, 
produces no change in the position of OB (29.) being, in fact, 
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equmilent to supposing complete Tevolotions, one or note, to have 

taken place, leriMns OB iUe same in position as before. Tlie sines, 
cosines, &:c. drpending entirely upon the position of OB, ami m no 
ifay upon the number of revolutions supposed in attaining that posi- 
iiooy we most have (2 r being the Bumeiical ^mbol of four righi angles) 

nn§^ 8in(2T + 0 ^ (4^ + = sin (6^ + 6) Ice. 
= 8iB(^ — 2*) 8s sm(l — 4<r) ^ «n(^ — 6*) &c. 

and generally, F repieteotiog the operation by which we past from 

an angle to any primary function {Algebra j p. 203.) we must have 

F(^) == FCtf + 2i»e') 

where m is any whole nninber, positive or negative. 

Hence, we may reduce the list in the last page : for, we find 

lhat F ^tf— 0 is the same as f (20' + 6^^) ^ + 

We shall limit oondves first, to the coosideratton of the following, 

* *±$ 2-sr— ^ 

omitting 2ir+l» because its primary functions are those of/. And, 

If 

first, let ^ be less tlian a right angle, so that 4 must fall in tbe 

{m -h i)th right angle, and at-— # in the aith. We have called 

#the complement of#; it is also usual to call the sup- 

plemeni ol ; being, when ^ is less tlian two right angles, the adjacent 
angle of Euclid. Now, draw the foUowiog figure, making # e a small 
angle for convenience. 




n 



Oi 



26 OEFIKITIONS AHD 

O IS at the ctwtfe (not marked), let the angles AOB, AOC", 
AOB , A'OC, A OB", A OC, A OB"', A OC be all equal to 
each other, apf! to / e. Let the triangles MOB, MOC", NOC, 
NOB'", N'Oa', N'OC M'OC, M'OB" be all made equal to 
Moh olliv in iMpMl; Mudy, ON to MB^ OM to NC; 
kc. &c. Then have (all angict being measnied positivcljr) 

AOB « z. AOF « (I 

/lAOB* IB (^ + ^)e /.AOB'" = (^1 + ^)^ 

Z.AOC' « (3^-d)e /lAOC'" « (2^-0© 

Froni liciice we cnn immediately find any prinirLry fuuclioa in terms 
of a primary tuoctioo of 99, as follows. Suppose it required to tind 

cot ^3^ — : we have immediately 

i(AnC'\ — _ B M (with contrary eiga) _ 
con,AUV> ; — — QM^^iihcontiaiyiigu)"""*"UM 

or cot^3| — = tan^ 

(43.) NuWy lu this inveiitigationy there are 42 cases, but they all 
fall under the following rules for expressing a function of m^±# 

by means of a function of 4, Let F ^ + be requited* 

1. If m he oddj change F into its co-function ; naruoly, sine into 
cosine, cosine into sine ;* tangent into cotangeoti cotangent into 
tangent, &c. lifmhe even, let F remain. 

2. Look at the teak ofngm (33.) of namely, 

for sine unci cosecant -| — | 

cosine and secant ~\ — -|- 

tangent and cotangent ^ — . -f- — 

and, observing io which right angle 7/i - + ^ falls, prefix the 

* According' to our definitions (30*^ the co-cosioe mosns the cosine 
of the complement, or the sine. 
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aigii mkMk watmm tD tlw duiiIw of dnt tnglB in the 



For instance, for cot ^3^ — 1^, the number of right angles is 

If 

odd, or we write tan for coi : and ^ ^ ^ ii in tiie third right angle ; 
^co^^ ^ 3" } proper sign is + 



cot 



tan ^ 



I^t the student go through the cases Jrom ike Ji^ure, and satisfy 
himself that they agree with this rule. 

(44.) The £»UowiDg are some i«sults. The first set is in Uie 
defioitioos. 



€08^^ — ^ ss ainl 

sin(flr + ^) 5=s — sind 
^cos(«' +^)s ^oos^ 



cos 
tan 



sm 



2 

'3* 



2 



COS 



= COS ^ 



ooi (ir — ^) OB cot ^ 



!0»(^ + 0 

cot# I taD(^ 4. = ^ cottf 



— costf 



siD(2ff' ^) S8 » sin ^ sin (— > ^ = 

cos(2cr — cos^ cos(— ^)=3 costf 

(an(24r— ^) a -»tan^ «id(~4)ss ..tanl 

The last set is deduced from that immediately preceding, by sub- 
tracting four right angles (42.)* They may be deduced immediatelyt 
by obterving that MOC" «s (29.). 

To obtain Tersed and oof«iaed sines, remember that 

versus l^oostfy covcittf^ 1 — tin^ 
Tbus» coyer8(3^ ^ ^) s 1 — siD(^ — tf^ 1 + costf 
(46.) When ^0 is greater than a right aogle^ the results are the 
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Me as if it wen lees tbaD e right angled An easier demonetfatioft 
will afterwards a|»p]y ; in the meantime, suppose #s #V ^ 

want, for instance, cot ^3^ — #^ , We have then. 

But tantf' =5 tan(flr + = tantf; . . . 

therefore, cot (3 ^ — ^) « tan 

the same as before. Let the student woik a anmber nf instance* 

of this kind. 

By ineaos of ihe last set of the preceding fonnul*, we can easily 

aioettain F^#— m^^. Suppose tatt(/^r) is reqnired; Aea we 
have 

tan(^^4r) xs ..tan(4r— tf) » -L(^tan^) s tan'# 

(46 ) We shall now proceed tci some theorems connected with 
the limits of the ratios of trigonomettical fiinctions, {Aig, p. 162.). 

B 




The ratio of an angle (in analytical units) to its sine, approximates 
without limit to unity, when the angle is diminished without limit. 
Let AOB, ADD, be equal angles; then BMbMD^ accAB» 

A B 

arc AD ; and, AOB being ; or, being ^, we have 

• ^ ; 8in<^ :: : :: AB : BM 

:: 2AB : 2BM :: aroBD : chord BD 

Let the chord BD be the side of an inscribed polygon of n sides; 
then the greater n is taken, the less does the whole boondaiy of the 
polygon (which is ii x chord BD in length) differ from the circum- 
ferenoe of the circle (which is n x arcBD). Let n x aicBD » 
n X chordQD 4-Z ; then can the length Z'be made as small as we 
please, by taking n sufficiently great. 

■ But chord BD s= ^y-rarcBD^ and substitution give*. • j 
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or xitxarcBD » Z 

that is, ^ I ^i^^ X circumference = Z 

Bat as n i net eases without limit, the angle BOD, and, therefore, 
BOM, diminishes without limit; and gince, in such a case, Z also 

diroinisbes without limit, the fiaction dtmiDishes without 

Untitp ^ cifcamferanca Mug always tha same. Uenoe, ap- 

preaches without limit to unity. Let the student try to demonstrate 
this in the maimer of (4.), supposing ^ and sin^ to be incommen- 
Mirable. 

The angle of 6 degrees, which is not for any practical purpose a 
small aagk^ and which, in analytical nnitft, is '0872665, has, fot its 
sine, '0871557 ; which gives, 

sin (0872665) •0871557 872 

•Ott72665 •0»72665 873 ^ ' 

or, when AOB is the eighteenth part of a right angle, if the arc BA 
were divided into 800 equal parts, BM woidd he more than 799 of 

iheao parts. 

(47.) As the angle diminishes without limit, the cosuiu approaches 
without limit to unity ; and t — cos^ diminishe=i without limit, as also 
does sin^. It will be necessary to examine the ratio of 1 — cos^ to 
$Mk4 under this change. 

1^.C08# <i»^eo8/)(l +C0 S/) ^ _^ ^4 

sin/ " sin^ (l -|-coj>^) "~ 8in^(l +cos^ " l-|-co8^ 

of which the numerator diminishes without hmit, while the deno- 
minator increases with the limit 1 + 1 w ^ The fradson, therefore, 

diminishes without limit, or — — . diminishes wuijout limit 

siu/ 

When # is 5 degrees, its sine and cosine are '0871557 and 
'9961947 very nearly* Whence, 

Ij^cosJ -0038053 4 
' sm^ ^ -0871557 87 

or, fi>r this angle, 1 — oos^ is le» than the twentieth part of sin/. 

2n 
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If we take 5 minutes instead of 5 degvees {S nioulM in aiMt- 
Ijrtkal units beiog '0014544* its sine the same to seten plafies of 
daciiMls* and its eosiiie '9999089), we find, that if i wtre divided 
into 14000 equal parts, the sine would not be less by so nncfa as one 
of those parts, and that 1 — cos# is not the 1300th part of sin^. 

tan# 1 

(480 Auoin, since . ■ = ~, the limit is unity when # di> 

ininishes witliout limit : and since ^^"^ as • — j ^, the Umit of 
this, in the same dicumstance, is 1 x l, or 1. And, because 

.1 — cos^ 1 — cos^ sm^ 
0 " ain^ 0 

therefore also - — L2lL Uimioishes without limit at the same time 
as 0. 

(49.) We shall now propose, as a problem, the solution of the 
equation 

nnx = siny 

or rather, to find certain solutions ; for we have no means as yet of 
ascertaining that any given number ot solutjoii.s is liie total number. 
]>ooking among tlie results of (44.), we And the following solutions, 
premising, first, that s ssy is one solution : an angle has but one 
sine. 

or s= ^ — y X ('^— y) ± 2cr = y or — y 
flp sss y)d:4«' as 5<r— y or ^3<r— y, &c. 

We now propose taninjr sscotn^. Since cotn^ s tan — njf^ 

we ha?e, iiiistly , w jr = ^ — ny, or x = ^ — ny^ . W e have, also, 

jftd? s ^ — ny±2ir f)i;r s -.—.ny ±4«', &c. 
And since tanx =s tan(jrHh <r), the following are also solutions : 
tnx = ^ — ny ± flf or |— . ny ± 3t, &c. 

(50.) The following propositions will be readily proved, espe- 
cially from the figure in (40.). In the same right angle there are no 
two sines, or cosines^ or tangents, &C., which are equal to each other. 



Digitized by Google 



FVNDAMBKTAL FORMULA OF TRIGONOMETRY. 31 

AoA of angles which do net exceed four right aogles, tbere are two 
to every ame (or cosecant), and « heing one, ir— jr is the other; 
two to ereiy cosine (or secant), and x being one, 2«'— >x is the other; 
two to eieiy tangent (or cotangent), and s bemg the lesser, n 
the greater. 

Now, J* being less than two right angles, so is «• — x; buttr + J 
and — rare greater than two right augles. Consequently, where 
there is question of the angles of a triangle, the cosine of an angle 
(or secant), or the tangent (or cotangent), being given, the angle is 
absolutely determined ; for there is but one angle which is contained 
within the limits of the angles of a triangle (O and «), to which snch 
cosine, &c. can belong. But, when die sine of an angle is given, or 
found, as that by which the angle of a triangle is to be determined, 
diere may be two angles within the limits of the problem ; for if s 
be one answer, r — x is another. 
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CHAPTER II. 

FORMULA COKII£CT£D WITU TWO OB. MORE AKGL£9. 

(51.) Tas doctiiDe of mtioiy u in Enclidy pmenti the notions which 
antwtr to mtiliiplicatian, division, nising of powers, extncUon of 
loots ; miy fundamental operation, in bet, txeept onltf adiiUm and 
mhiracHon, The truth is, that it considers two ratios just as two 

lines are treated in the 6rst book ; that is, as subject to the relations 
of greater, equal, uud less, but wiihoui -^uy classification or comparison 
of the various modes of greater and less. From the definitions, it 
appears that the ratio of X -f- Y to Z is more than the ratio of X to Z ; 
and here the Fifth Book stops. But ratio is a magnitude ; we apply 
the words greater, &c. to two ratios. It is tme that the definition of 
ratio looks mora like that of a criterion dian of a magnitude; but, 
as we have seen, the word angle is in the same predieament: 
llie definition of opening, or inclination, is only a rough piimaiy 
eonception, while the usefbl definition of an angle is the criterion 
which determines the greater or less, or the equality, of two angles. 
The rough com » ptmu of t^Uo 'vi relative magnitude ; that notion, by 
which a spectator wlio knew notlmvj; about numbers, would decide 
whether the picture of a known object was in or out of proportion ; 
that notion, by aid of which savages, who have as little idea of 
numbera as it is possible for a human being to have, comprebend a 
map as soon as it is shewn to them, and point out the various sites 
which tbey know, as soon as they know wheraabouts in the map 
they ara for the time, and the direction of north or south upon it. 
With this notion comes the following : That the ralative magnitudes 
of X and Y to Z, make up the relative ma^itnde of X + Y to Z : 
whence, wc subsequently come to liio gentiul deliuuion of addition 
of ratios ; namely, that to add the ratios of A to B and C to D, re- 
duce both to other ratios hnvur^ tlit same consequent, say X to Z, 
and Y to Z; tbea the sum of tiie preceding ratios is that of X + Y 
to Z. 

We have introduced these eonsideratkiBs again, in order to point 
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out the dfflRnvnoe between geometry and algebra, which the following 
question, btiiig the fundamental proposition of the present chapter, 
Uill exemplify, (iiven the primary functions of two angles, of which 
the sum is less than a right angle, required the phinary functioos of 
their sum. The geometrical solution is as follows : 

Th« fiist angle being less than % fight aqgle^ take any straight 




Hm 0M» and eroct MN> so that the ratio of NM to MO shall be 
the tangeot of the first angle; then will NOM be the angle in 

question. Tlieu draw NP perpendicular to ON of such length that 
the ratio of PN to NO shall bj the given tangent of the second angle; 
whence PON is the second angle, and MOP is the sum of the 
angles. Draw P Q perpendicular to O M, then is the ratio of P Q to 
PO the sine of the sum leqnired^ &c. This geometrical ooastmction 
if a ooniptete sototioa within the meaning of the terms gecmMetd 
tokiihn, with teganl to which it is matter of definition that lengths 
are determined, found, or given, when the extreme points are given. 
But it is not an algebraical solution, of which it is a condition that 
TiO mag-nitude is J^iven, determined, or found, unless its ratio tu 
some given magnitude of the same kmd be given, &c. The geome- 
trical solution is the more easy, because it assumes the harder point, 
and requires only determination of position ; the algebraical solution, 
which requiies ratios, carries the geometrical solution fiirther, and 
demands consequences with which the geometrical solution, by an 
eipress definition of exclusion, has nothing to do. And the student 
will do well to remember this when he comes to read controversy 
about the relative value of algebraical and geometrical solutions. 

The algebraical solution is as follows, without symbolic language. 
Draw NR parallel to DM. Then, since PQ is made up of PR 
and NM, the ratio PQ : PO is the sum of PR : PO and N M : PO. 
ButPE : PO is compounded of PR : PN and PN : PO, or by 
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similar triangles, of OM : ON and PN : PO, and being com* 
pounded of given fatios, may be expressed by whatevw eyiBbol we 
adofrt to mgaifjf oompotitioii. Similarly, NM : PO it eoQpecnided 
of NM : NO and NO : PO, two ntioi. Under the oommon 
meaning of terms in algebn, we may, if all liw pain be c ommeiH 
ninlile, and if OP stand for the number of linear nniti in OP, 
&c.we proceed thus : let NOM = /e, MOP = ^ e, ihea MOPs= 

. . . .X _ PQ _ PR . NM _ PR PN ^ NM NO 

smi^^-i-^; - po-po "*"PO~FB*Po+irar*p5 

MO PN . NM NO ^ . . . , 

= Wpo + nopo'*^^""^+**"*^P 

If the mtioe be infiommeneurable, we must either, 1. Imagine 
comroentunibles veiy nearly equal to MO, &c to be aubstttnted, and 
the real meaning of the equation ^1 then be (meaning by (a) s veiy 
near approximation to a), (co»#) (sinf) + (sinQ (ooef) is veiy near 
to tin + 0 * Adopt the more general ideas of ratio in die 
preliminary treatise, and interpret the symbols of operation accord- 
ingly. Leaving the student to take which coarse he can, we now 
proceed, having obtained in every sensie of the terms 

+ as sinf oos^ +cosf sin^ 

simiUudy cos + ^) ss cos ^ cos ^ — sin ^ sin ^ as follows; 

. OQ OM — NR OM ON NR NP „ 
<«>»(^^^) = OP= OP ON OP ^NP NS^' 

Now, construct a figure in which ^ e and P e are each less than 
a right angle, but. their sum greater; shew that the process for the 
sine remains exactly the same, and that in that for the cosine of the 
sum, which is negative, OM — RN also becomes negative; whence 
we still have co8(f + 0 ^ iit ngnis (OM»RN)-^OP, 
and the two formuls are precisely as before.* Shew also that by 
aid of 

cos*9 + sin'p = 1 cos*^ + sin'^ = 1 

the sum of the squares of the precedlitg developemenu is = 1 . 

(52.) Since these formols are unifersally true, independently of 
all values of the angles, wiihm a righi mgU (as fiur as we know yet) 
ihey will remain traa if initead of f, we write f Do this, which 

giv«s .... 
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cos <p = COS {(p — tf ) COS — sin — sin i 

Multiply the first by cos^, and subtract the second moltipUed by 
tanki, femembering that cosM4>sio*#ss l, which gt?esy tnnsposing 
the sides, 

flbC^'O s sinf eo«^*-*cosf siD^ 
cos — ^) = cos^ cos^ + tin^ sin^ 

Which proves that the two first formulae are true when one of the 
angles is negative. In sin + 0 — # ibr and we have 

sin(f — ^) = sin^ cos( — ^) + cos f siQ(— ^) 
or (44.) = sin 9 cos ^ — cos f sin 6^ as just proved. 

Sntevour to deduee Aese piopesitions Urom an adaptation of the 
coostniction in {51,), and veii^ the value of the snm of the squares 

as before. 

(53.) We now shew that these forratilac remain true whatever may be 
the magmlude of the angles. We shall take a case, ^r\d recommend 
the student to acquire dexterity to the management of the formulae, 
by trying various otliers. Let us suppose our first angle to be in the 
third right angtei and our second in the ^rth, so that the sum 
must be in the sixth at leasts or in the seventh. Let r + ^ ^nd 

^ 4- f be the analytical units m the angles^ and i and ^ must 

therefore be seveially less than a rigbt angle. Then the sum is 

—-4-^4-^, or2ir-f-4-^4-^, and, therefore, its sine is (42.) 

sio^~ + d 4- f ^ or cos^d 4- or oos^* cosp ~ sini)* sin^ . . (A) 

But sin (ir 4- d) = — sin 9 or sin 0 = — sin (7r 4- 0) 
oosC*- 4- 6) =3 — COS0 COS© = — cos (w 4-0) 

8in(y 4-^) = — COS^ = — sin^y 4-0^ 
cos^^4-f)= smf sin^ss cos ^^4-^^ 

and, by substitution in (A), we have 

sin ( w 4- e + 3 1 + f ) « - cos (» 4- X - sin (y 4- f ) - 

(— sin^p) X cos 4- f ) 
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•to 



(ir + e + 3 ^ -h ^) = cos (ir + e) sin (y + ^) + »m (ir + 0) cos + f) 



let w^Bs0, and we have 

sin (fi + f') s cos $f akn^' sio cos the same as before. 

We liave then as geoeral fonnal», troe for all angles^ positive and 

negative, 

•inC^-f- 0) = sin^ cosQ-f-cos^sin^ sin(^ — 0) = sin^ cosO— cos^ sint^ 
cos(^4-0) scosf cosO— sio^sinO cos(f--0) cosf cosO + sinf siod 

(54.) We can oow^witfa veiy slight labour, acquire a large number 
of very useful formuls so quickly, that previous description will be 

unnecessary. 

sin + d) + sin — 0) = 2 sin ^ cus 9 
aio(f + 8in(^— 0) ss 2co8^siii9 
G0s(f +9) +oos(^~9) ss 2cos^co89 
cos (f + ^) — oos(f — 0) as — 2 sinf sin 9 

Since these are always true, we may for f and 0 write -f 0) and 
4 — 0), Do this, which gives 

sin^ + sin0s 2sin|(^ + 0)cos|(f — 0) 
sin^'— Sin9 sa 2 cos + 0) sin \{<^^9) 

coi^ + COS0 = 2 COS + 9) cos — 0) 
cos^ — CO90 = — 2sin 4- 0) sini — 0) 

Sin^ — 8i n0 tan \{<p — 9) sin 0 -|- sing i( 

sin^Tsine ~ tani(^ + 0) cos^+cos0 taui^^^i-^) 



(55.) Now, from 2 0 = 0 + 0, and from sin {0 + 0) &c. deduce 

2 2 

- — sm' 
2 2 

,0 
2 



9 0 

sin 2 0 = 2 sin 0 cos 0 sin 0 = 2 sin cos - 

2 2 

9 0 

cos 2 0 = cos^0 — sin^0 cos0 = cos^r — sin*- 

Q 

s 1— 2sin^0 = 1 — 2sia^- 



Q 

s= 2CO8»0 — 1 ss 2cos*^^l 



2 

Q 

1 +COS20 = 2cos^0 1 +eos0 = 2cos=>;r . 

l^cos20 » 2sin'0 1— Gos0s2siu4 

2 
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tan'tf m - tan'- « 



1 +c<m2<) 2 1 +co»d 

1-I-COS2 0 6\ 1— sind 



Lcoi2d \4 2/ 1+sli 

(66.) taaU + O) b sin {<p -f- 0 ) _ sin^.cosO + cos ^ siiWj 

cos -j- 0; cos f cos d — sia ^ sm i) 

divide both temu of the laet fraction byeotf .coiO 

««"(f + 0- ,_;.,»un9' 
. ... ^ # A tan A — Ian 0 

* * . . sin(0H-A) . sin(0— A) 

taatf + tan^s — ^ tao^— Unass — 7; — ^ 

(57.) The formulte id (54.) reduce multiplication to aUtlition in a 
way ivhiob irtay remind us of logarithms, and we shall see more of Uie 
■ame tort of analogy before we have finished. They give, 

sin 0 cos ^) = j sin ^- 0) -f- i 8in(0 — 9) 
cos^sin& = |sin(f-|-0) — |8iu(^ — 9) 

€08^0080 8s |eos(^+0) 4-icos(^— 9) 
silif nnO » |oos(f—e) — 1009(^4- 9) 

Let it be required to reduce tlte product cosmcosncos^; 

coem 00811 coap s |oo8(fN+<t) -cosp + |co8(jn— n) C08/» s 
1 008 (m 4- n + />) 4- i cos (m + n — /)) H- i cos (;> + « — ») + 
4 cos(p + m), by applying the fiame formulie twice. 

(58.) We may apply tliis method to ascertain llie nlh power of a 
sine or cosine in terms of the sines and cosines of (he multiples of 
the angle, as follows; by (55.) 

co8*d ax I + I cos2e eo8*0 SB Icosd + i cosaecosO 

= icose -f Kicos3 6l 4 icosd) (2 0 + e = 3 0, 2d — e»9) 
= |cos0 + icos3d or 4cos'0 = 3 cos 0 + cos 3 6 

Multiply by 2cps9 (we tlius avoid factions) 

8GOi*0 s 6cos*9 + 2oo8 30co8<^ 

s 3 + 3cos2d 4-cos49+cos2e s 3 + 4cos 29 +00849 

E 
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Proceeding in this my we get Iht Iblloiniig eel of equatioiit : 



cosO 




CO&6 


2 GQ%*9 






4co8*e 




cos30+3m9 


8 cos*© 




C0849 +4 0092 0 + 3 


16 cos=0 




COS50 -f 5 cos 3 0-1- 10 cos 0 


32 cos'' 6 




cos66 + 6cos4O + 15cos20 + ]O 


64 co»'9 




cos79+7oos59+21 00839+35 coeO 


128oos*9 




€Oi89 + 8 CO860 + 28 COS49 + 56 co«20 + 35 






&c. tee. &e. &c. 



Aiiain, 2sin^d = l — cos2d, 4sin'0 = 2sine — 2cos29.i\n0 

(64.) (2cos20.sioe as »m30«— sinO) = 2siD0— sin 30 4- sine 

s Ssin6-i*siD30 

8 sin* 9 = 6tiii*0«— 2iin39.iin6 

s 3 — 3CO820 — (coe26— ooe40) s 3^4 CO820 + 00049 

Proceeding in this way, we get equations which may be thus moBt 
systematically arranged : 



sin 0 




sin 9 






— 2sin=0 




COS2 0-- 


1 




— 4 sin^O 




sin 3 0 — 


3 sin0 




8sm*0 




COS40 — 


4 cos 2 0-1-3 




16sio«9 




tin59« 


5sin3d + 10sin6 




— 32sin*9 




coe69 — 


6 cos4 0 + 15 00829 — 


10 






sin 70 — 


-7sin5e i>2tsin3O — 


35 sin 9 


128sin*9 




C0889— 


8co869+38oo840-:• 


56 00829 + 35 


&c. 




&c. 


&C. &c. 


&o. 



Between these two sets there are strong resemblances and strong 
diflfereoces. It appears that the cosine is a much more atmple 
function, in its relations with other cosines, than is the sine in relation 
to other sines. The alternation of positive and negative signs, in 

pavs, hf ic occurs for the first time. We shall now shew how to 
form ilie inverse expressions, namely, cosn0, &c. in terms of powers 
of co$9, &c. 

(59.) By (55.) we have 
cos 2 0 = cos*0 — siu'0 sin 2 0 = 2 sin 0. cos 0 

Let the sine and cosine of 9 be denoted by s and c. 
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Then * €0*29 tss t^^iF im^e s 3es 

cos3e s=cos(2 0 + ©) = COS29.C — 8in2e.s =(c*— s»)c — 2CS.S = c'— 3c§» 
sio3« =s sin (20 + ») = 8m29.c + CO820.S » «C8 x + (c»— s») s =» 3 c'» — fc* 
cos4e « COS30.C — sinse-a = c*— 6c*8^H-a^ 

8in4d = sin3©.c + COS30.S = 4c^6 — 4cs* 

and thus we gel the foUowiDg eqintkms : 
cos# =s c tanB « t 

cos2e = c* — s* sin20 = 2cs 

cos3d = c' — 3cs' sinSO = 3c*s — s* 

€0849 = c**6c*8* + s* 81049 = 4g*s^4gs* 

C0S59 =s c»— 10c»s«+5c8* sm59 = 5c<8— I0c"s» + 8* 
and so on ; the iaw ot which will be hereafter investigaied. 
(60.) It is easily proved thai 
(cose + 8in9)« «= 1 + 8iii29 <cos9— 8io9)» as 1 — sio29 
cos^ = ± i \/l -Hsin20 ± J — sin29 
sss ± i V^1^8in29 =F i Vl— sio29 
in which the ambiguity of signs will be afterwards discussed. 



Also costf = VKl+co8jl9) 8iB^ = VKl-cos2«) 

(61.) Multiply together the fifth and siith in (M.), and 
obtain 

sin(9 + ^)8in(^>-<^) = sin'^— sin»<> 

(62.) We shall now proceed to some cases^ in which die 8ioe8, 

&c. may be exhibited numerically. But, first, by means of this 

theorem, namely, ilml (w« + n«)U, 2m«U, and — n^jU, are the 
sides of a right angled triangle, U being any linear unit, we can at 
pleasure find the means of verifying the preceding fonnulai in the 
most exact manner. 

For, if sin^ « then cosd = i^nn = -^^^^ 

4 3 4 . 24 

Let »i=2, n=l ; then sinis-, coslsss-, tan#»g,8in2/a=— , 

cos2i«-^, sin3^:^^> co83#sa-j^.«cc. In such a case as 
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thii we do not know the (n^^U in question ; but we will shew ihat 
tins riule inethod, litough the labour would be very considerable, is, 
in theory, an uTiTailing menns of finding the angle to a given sine or 
cosine, as nearly as we please. Suppose an angle to have a sine and 
cosine, both positive ; that is, to be less than a right angtet or in the 
lint right angle. By finding tin#, iin2#. Ice, and cos^, CQa2#, Idc, 
we are able to find tan I, lanS/, Iw* Now, since the angle in questkn 
it teat than a right angle, there will be multlplee of it in every right 
angle (one at least) ; that is, no right angle can be left out, or there 
must be values of lying between m and m + 1 right angles. Con^ 
sequenlly, since the tangent in the several righi angles is uliernately 
positive and ne^tive, we shall always be warned of the value of the 
multiple angles passing a whole number of right angles, by a change 
of sign. The first negative sign will indicate that the multiple has 
become greater than a right angle; the next change, namely, ftooa 
negative to positive, that the multiple now exceeds two right angles ; 
and, generally, the mth change of sign shews that the multiple in which 
It appeals lies between m and m -|- 1 right angles. If, then, ^ wiili 
to know the angle which belongs to the given tangent within, say one 
till part of a right angle, we proceed step by step, and find within 
what right angles vP lies, by noting the number of changes of sign in 
the series tan ^, tan 2^, tan 3^ tan v^. Let it be between m and 

HI W "I" 1 

m + 1 right angles ; then # lies between and — of a right 

angle, or is known within one vth part of a right angle. 

Tlie preceding process would be too long and laborious for prac^ 
tical purposes ; but it shews us, theoretically, that lAe ieterminaHm 
of the angle which hus a given primary function^ to degree of near-, 
net$t is within the meam of &mmm algebra, 

(63.) Coming now to the determination of some primary func- 
tions, we shall express the angles both in analytical and practical 
units. By (34.), all that we have proved of the primary functions of 
angles represented in the former way, is true of the latter ; except 
only the theorems in (46, &c.), where the angle enters directly with 
its primary functions. For insfance, though 10'' is a very small 
angle, it is obviously neither proved in (64.), nor true, that 
sin 10" ss 10 nearly. If we now represent n degrees by n% n mi- 
nutes by n', &c., we have the following equations : 
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.9 - 180°, f e - J© - 46». f e = 30°, f e - 60°, 
= 16°, - 136°, ^9 m 120°, &c. &c. 

le or 45*. The sine anJ cosine are evidently eifal. In 
(30.) ifOM s9 MB B V, tbm OB 0 ViU, tad 

2. or SO". A right«iigM iriuigle, JuiTing an ragle of 80*, 

6 

is the half of an equilateral triangle. The side opposite to 30^ is 
half the hypothenuse; hence 

3. 5e or 60*, i» the coinpleinent of or SOP. Tberetoie, 

4. or t5% is the half of or 30°, llcnce, by the for- 
12 o 

mula in (60.) 

cos^ is either 1-/ A + ^ + ^l/ ^ — ^ 
or the same, made negative ; but it laust be positive, whence we have 

5. — e or T.aty is the half of or 14". And by (60.) 
34 12 

«»»S«yO+i^6-iv2) + y(l-ive+iV2) 

si„^ = .y(l + lv6-l^/2)-lv/(l-l^/6+lv•2) 

In this way we may successively find the sine and cosine of 
3^ 45', 1° 52' 30 56' 15", 28' 7"-5, 14' 3"*75, T' l"-8r5, 3' 30^-9375, 

1' 45"-46375, 52 "'734375, the latter angle being -8789063 of a 

E 2 
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miaute. But sinoe the linfli of nuH angles we mviy in the 
ratio of the' angles themselfes, and since the ratio of magnitiides 
are the same in whatever units they may be exjiressedy we have 
very nearly. 

As '8789063 of 1' ; T :: sine of the hrst ; sine ot 1 

the fourth term of which can be found fiom the ^teoediag three. 
This method of finding the sine of one minute supposes that w« do 
not know how to express the angle of 1' In analytical units; if» how- 
ever, we assume the results of (22.), we see that the mne and angle 

of 1' are nearly equal, when the angle is expressed in terms of e, 
and, therefore, that sine 1 = '000290888, ne nly. But nearly is a 
vague term ; we must endeavour to find how nearly ilie suies of tlie 
preceding are equal, if we look at the iigure in (40.), and the 
postulate in (10.)» we see that AT -|-TB is greater than the ana A 
or that 

AT + TB AT + OT— OA . ^ ArcAB 

-— or ^ IS greater than — - 

that is tanO + see<>— 1 is greater than B 

But secO is greater than 1 ; therefore, tan0 is greater than 9. 
Consequently, we And that 9 — sin 6 is less than tan^ — sin or 

than sin 9 (1 — cos 9) -f- cos 9| or than 2 sin 0 sin*-^ -f- cos 0 ; or 



tf — sin^ is less than 



2 sinfl ^sinl^' 



cos^ 

Ify then, we increase the numerator of the preceding, and diminish 
the denominator, we in both ways increase the fraction ; consequently, 

2ef^y . . 2sinef«infy 

>>2/ IS greater than v a/ 

COS^t^ COS© 

or 9— sinO is less than A ~ ; diminish the denominator still 

^rther by substituting Q for sinO, and we have finally 

pi 

Q — sine is less than ^- ^ 

Or •000290883 — sin'000290888 is less than a fraction very near to 
ir^(00029)» " -OOOOOOOOOOl veiy nearly. 
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HencOy to ten pkwes of decimab, Ibe angle and sine of one minute 
are the same- things: that is, we may assume iinl'aB*O00d9O888. 



Now, cosd =1 — 2sin*- = 1 — 2 ( - ) very nearly, or 1 — J ^. 



We haTe^ thetefore, cos 1' ^ 1 ~ | (-0002909)* veiy nearly = 
•999999958 very nearly. Knowing thus the sine and cosine of one 
mtnute, we might calculate those of 2', 3' . • • . 1^ 1^ t', • . . . up to 

8^ 59', 90*, and by dividing sines by cosines, we might find the 
tangenU. After whicli, by taking reciprocals, we might find the 
cotangents, kc. To put this method in practice would increase all 
necessary difficulties some hundreds of times ; but here, as in (62.), 
we are not pointing out how a table of sines, &c. should be formed, 
but merely shewing how it may be done, that the student may not go 
to the tables, as to results of the possibility of arriving at which he has 
•no comprehension whatever. We can, however, make him see that 
even the labour of this process may be materially lessened. 

1. No cosines need be calculated, nor cotangents, nor cosecants ; 
for in sin 1' we have cosine 89^ 59' ; in sin 2* we have cos BO® 58' &c. ; 
30 thcil a complete table of sines for all minutes of the right angle 
is also a table of cosines. Por a similar rea^n, a table of tangents 
is also one of cotangents, &c- 

2. Half of the secants and cosecants may be formed by simple 
addition, when the rest are Icnown, by the formulae 



which we leave to the student to prove. 

(64.) Suppose, huwevfji , that our table is calculated for every minute 
of the right angle, it remains to see how the truth of the calculated 
results may be verified. It must be observed, that in all mathe- 
matical tables, the danger of an error of printing is greater than that 
of an error of calculation. An error of the former kind is one to 
which all places of figures are equally subject; one of the latter is 
only to be feared in the last figures. The method of verifying a 
doubtful figure is to calculate the function in question by means of 
any other functions, using one of the ibrmultt already obtained. 
Thus, if there be a doubt about sinlG*^, as given in the tables, we may 
remember that it ought to be the same as 2 sin 8' cos 8°, and we may, 
therefore, double the product of sin 8° and cos 8^, and compare it 
with what is given for sin 16**. But, as multiplication and division 
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are tedious operations^ compared with ttddittfifi and mlktractioiiy WB 

shouid, tor out j i -cni purpose, prefer such fermMlw as contain only 
the latter pair ot opeiations. And sucli formulae have received the 
uame of JhrmuU of vvrifn-uiion, meanuig, that they are peculiarly 
applicable for that purpose. We shall now deduce a few of tlie 
kind. Let A be an angle measured in degrees, &c. 

(54.) (63.) 8in(30"-t- A) -t-siu(30«— A) = 2sio30°.cosA ss co«A 
Again, the sine of j^e, or 18", may be thus expressed. If 

59 « ^, we have 
2 

cos3e = sin29» or (59.) cos*<^ — 3oosa .sin^O = 2G0se.siue 
divide by 0089» and substitute for oos*9y 

I — 4sin'd = 2sin0; or, taking the positive value of sin 9 

sin^ as fiom which we find 

10 4 

Uence we find (54.) 

8in(l&*' + A) + sin(18° • A) = ^i^iZllcosA 

cos(36° + A) + CQS(36° - A) = cosA 

Subtract the first from the second, which gives 

co9(36<'+ A) + cos(36<»— A) s cosA + sin(18^+A) + 8in(18— A) 

(65.) Before beginning to use the tables, the student should have 
a good notion of the changes which take place in the magnitudes of 
the several functions through the first right angle. And he sliould 
also take some method of readily remembering the changes of relative 
magnitude which take place through the four right angles. The best 
method of doing it is by remembering tlie general character of. the 
ibrms of certain curves, which we shall presently proceed to explain, 
first premising a more simple illustration of the method. Suppose 
we wisiied to take a view of the prices of corn (the average per 
quarter) in different succeeding years. 
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TUce two scaks perpendtcuUf to each others as in tba figure: let 
A B repretent a jear of tiiDe» AC a pound stalling of money. If we 















* 


A I 


k P Q 





begin, say at the year lf90» let B be marked 1790» P 1791, Q 1792, 
&c. and at each point erect a perpendicular the length of which, AC 
beine tw enty shillings, shall represent the price of the quarter of corn 
for the year. We have thus a better idea of the magnitude of the 
chaq g^ y thftn we could^t bj looking ata lable of {urio«g, . . ^ . 

Now, lake a similar scale for angles and their primary functions. 
Xet angles be measured on O A» at the rate of a right angle, or 90^ 
to OA ; let numbeis be measured on the perpendiculars to OA at 
the rate of O B to a unit. The curves are so drawn that if any angle 
be laid down on OA (that is. If the proper line be measured from O, 
which is to OA as the angle in degrees, &c. is to 90*'), then the stx 
curves will cut off from the perpendicular six lines which repre- 
sent (if OB represent 1) the sine, cosine, &c. of the angle. It is 
now for the student to find out which is the curve of sines, which 
that of cosines, &c., to examine them attentively, until he perceives 
the truth of all the theorems in (32.) (39.) &c. and to remember the 
forms of the curves in such manner that the mere words sine, cosine, 
&c. shall call up the ideas of the vanations of magnitude which are 
peculiar to the function in question. 

For instance, it is long before it is as femiliar to a begioner as 
the word cosine, that the cosine of 0 is 1 ; the notion always being, 
thai the cosine of nothing is nothing. A recollection of the manner 
in which the curve of cosines begins with the angle, would com- 
pletely remove the liability to this mistake. 

It would be one of the most improving exercises which the 
student could impose upon himself, to draw a considerable number of 
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•Qch cumti fioviaed be can otehi pa^ nM« hanMaUttf and 
vertioaUy at amall intertals. It wiU be qoite mfficicitt l» ^vide a 
right angle into six equal parts, or to lake aix inlenrab ofleiii^ for 

the rii,'lit an-le. Four intervals of perpendicillar leagtb aboold fe- 
pres^-nl the unit of the fuuctioii^ in question, by whieh OMBM tlMil 
same unit will very nearly represent the aualyltcal unit 9 on the line 
on which angles are measured. Suppose, for iosUnce, the paper is 
ruliid at intervals of a tenth of an inch. Take three ujclies for a 
right angle, and two incliet for a unit of sine, &c. Suppose the curve 
requited to be that which cuts off sin2e— sine : then, taking two 
places of deeimab (which will hcie be suficient) and levienliering 
that 20 perpendicuhur subdivisions on the paper couDt as 1, or each 
subdivisioD as 05, divide the two places by 5, and the result is 
the number of subdivisions. Also, five subdivisions on the line OA 
represent 15 de-^rees, or each subdivision repres«StS S degfries* The 
rest of the process is as ioiiows : 



igleA 


sin A 


sin 2 A 


sin2A^sinA 


Subdivisions 
-fat the angle. 


Subdivisi 
for sin '2 a 
sin A. 


0 


•00 


•00 


•00 


0 


0 


15* 


•26 


•50 


•24 


5 




30* 


-50 


•87 


•37 


10 


n 


45*' 


•71 


100 


•29 


15 




60" 


•87 


•87 


•00 


20 


0 


T5*» 


•97 


•50 


—•47 


25 


-9| 


90° 


100 


•00 


— 1-00 


30 


— 20 


105" 


•97 


— •50 


— 1 47 


35 


— 291 


120** 


•87 


— •87 


— 1-74 


40 


-*S4| 


135** 


•71 


— 100 


— 171 


45 


—'341 


150° 


•50 


— •87 


— 1-37 


50 


— 271 


165" 


•26 


—•50 


—•76 


55 




180" 


•00 


•00 


•00 


60 


—0 



* The common ruling machine used by statioMis will rale papair 
vsiy well to tflotfas of inches, with each ineh^Hna broader than the rest. 

Some years ago, I caused a quantity of paper to be SO ruled, which is 
still on sale \vhh the publisher of this work. In looking at ruled paper, 
the eye is too accurate a judge : when parallel lines are ruled close 
together, a very trifling defeat is perfectly visible. 
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The studeot should now lay down and continae this ciirvc, and 
ethers of the same kind. 

(M> Let ib be a smaU angle, of about the value of 1'. It has 
been shewn that Ibr move than eight places of dechnaisy oosA s l, 
sin A o aild hence tan A s A. We have Ihen, with quite sufficient 
escaetness for the -tables which it Is necessary to use (which never 
exceed seven places of decimals). 

sin(0 + A) s sind cosA + cosO sinA =s sind + cosd.A 
cos(9+A) = 0089 cosA— sinO sin A = oos&— sind.A 

sin A A very 



(56.) tan(e+A)-> tand 



cos (0 + h) cos B cos' 9 nearly 



or tan(0+A) « tand + ^ Ji 

Wo shall leave the foUowiog to the student. 

cot(e+A) = cotO-^.A 

aec(e+A) = seed 4-^ . A 

co8ec(0 + A) ^ cosecO— -r^.A 

Yetnifi+k) = versO+stnd.A 
coTers(0 A) s ooversO — cos 0 . A 

That is, F 9 representing any primary function of 9, we have 

for sin. tan. sec. or vers. F(tf + A) = Ftf+MA 
for cos. cot. cosec. or covers. F(t)4-//) = F^— MA 

where M is not a fiinction of A, but of 0 only. (Remember that 
functions beginning with co, are all decreasing when the angle in- 
creases, vA the first right angle). Let A' s *000290888 the minute 
expressed in analytical units; and let A be any angle less than A': 

then we have 

. F(^ + A) Ftf ss MA' ) for functions which incraase 
F(l + A) — Ftf « MA ) with the angle 

whence F(^ + A) « F^ + + A) - F^} 

But F(0-hA') — FO is the increment of the function^ when the angle 
receives an increment of one minute in value ; it is, therefore. 
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immediately found fixnn die tiMes, in fvliich the wtinm of F(9 + A') 

and F0are those which folluw each oUier, if the tables be to every 
minute, as is usual. Let this increment be denoted by Dif. for 
di^erenctf as in the tables, where the subtraction is made in a 
aeparale coiumo. And let A contain « seoonds and decimals of 

' •econds. Then will r, b ^ and we have (if A be the angle 96 in 

degieea and minatei. 

F(A4-*) = FA + ^ >c Dif. 

and in the same way, if f 6 he a fiinctioii which decicaaea when 0 

increases, we have 

F(^+A) or F(A + «) = FA^^ X Dif. 

wbete Dif* now standi for FA F(A + 1'} and is talcen from the 
tables. 

The preceding is, in a more exact fonn, the representation of a 
notion which may he more easily i^iven. If we ask what is that 

function of h which increases uniformly when h increases uniformly 
(the more easy phrase is, which grows at the same rate as long as 
h grows at the same rate) the answer is, that the function can only be 
P 4* MA where F and M are independent of A. In this function, if 
ibr A we write successively 

A, h + t^ A + A +3^, &c. 

the values of the function are 

(P + MA), (P + M/O + M^, (P + MA)+2M^, &c. 

and, similarly, the function P— MA is of the only form which de> 
creases uniformly when A increases uniformly. If, tlien, there be a 
function of A which does not increase uniformly when A undergoes 
considerable changes of value, but which increases very nearly uni- 
formly when A is small, and undergoes small changes ; that is, is very 
nearly equal to some form of P + Mh ; the consequence is, that we 
may for very small values of A, and very small changes, treat die 
function as if it were one which increased uniformly. 

To illustrate this, I take out of the table the cosine and sine of 
6% 1', 6'' 2^, and G*" 3', as follows : 
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Angle 


Sine ' 


Dif. 


Cosine 


^ a 




•0002893 


-9945219 


6°!' 


-1048178 


*000289$ 


•9944914 






•0002893 


*9944e09 




•1053963 




•9944303 



Bif. 

•0000305 
»305 
>306 



oimi 



Heoce, at and Dear €P 1', the sine is a function which increases 
unifbnnlyat the rate of •0003893 per minute of angle, and the co- 
sine diminishes at the rate of 0000305 per minute. This uniformity 
of increase or decrease, which obtain s when the angle changes through 
successive minutes, will, a fortiori, still remain when the angle 
changes from second to second in the interval between two minutes. 
That is, we nrast, to And the nne of 60** 1' 37'''5, odtf to 8in6^ 1' such 
a |>art of *0002893 as 37} is of 60, and to find co«6« 1' 37"*5 we 
must subtract from 008 6*^ I'such part of *0000305 as 37^ is of 60. 
The process ni^y be performed either by common multiplication or 
division, or in the manner of the rule called practice in commercial 
^ifUhqjetic, as follows : 

3893 



37 



20231 

B679 

107041 
1447 



sine* V 



= *1048178 



-0001803 

for 3r'^5 

sin6°l'37"-5 = -1049986 



6,o)l0848,8 



for 60 2893 

for 30 I 1447 

for 6 I 289 

for 1 I 48 

for '5 i 24 

for 37-5 1808 



1808 



305 



37 



^ 2135 



^915 . , ^ 



:;|^S85 for 87-5 



•9944914 

•0000191 



-9944723 



6,0)1143,8 



for 60 305 

for 30 i 153 

for 6 i 31 

fof 1 I 5 

for 'Si 3 



for 37-5 192 



191 



60 
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Notliing will aeciite accuiuy to a single imit in the last t»1aee of 
tables, which are, iherefote, always carried a unit forther than would 

otherwise be requisite. 

The inverse process to the preceding follows immediately from 
it. Given FA, F(A +s), and F (A -f l ), required s. Let P be the 
given value of F (A -f «) ; then we have 

P = F A + ^ Dif. Dif. = F(A + 1 ) - F A 

or S = ^ 

But^ if FA be a decreasing function, we have 

Thus, suppose it is required to find the angle which has 1052111 
for its sine, and also that which has '9946000 for its cosine. 

P *1052111 P -9945000 

8iiv6* 2', or FA '1051070 cos 6°, or FA '9945319 

P — FA 1041 FA — P 219 

60 60 



2893)G246o(21-6 SOd) 1 314o(43- I 

5786 =5 1220 



4600 940 
2803 915 



17070 250 
Angle required 6« 2' 21"*6 Angle required ef* 2* 43''- 1 

(G7.) We must proceed exactly in the same manner with the loga- 
rithms of the primary functions; and the law of the increase or decrease 
may be exhibited as follows. If we have (making ^ s *43429 . .) 

F(A + «) = FA + ^-Dif. this gives logF(A+«) =s log(FA+^-Dif.) 
(See Jlgebrv, pp. 336 and 337.) But by making ( « 60", or 1', we find 

logFCA + 1 ) = log FA + ^ or = logF(A + 1') - logFA 
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fheidore fft.Dif.^FA is wlmt is found in the column of differences 
of the logarithms, and may be taken from the tables. We have then 

logF(A + «) = logF A + ^ X Dif. of log 

or we may remember that the reasoning in page 48 applies to any , 
functions whidi inciease continuously, and, therefore, to the loga- 
rithms of the primary functions, as well as to the functions themselves. 

(68.) It depends, ihcn, upon the amount of the difference between 

F(A-|-1') and F (A) whether we can pretend very neauy lo find the 
angle which belongs to any intermediate between them. Look, for 
instance, at the beginning oftlie table of logarithmic cosines, which 
by the arrangement of the tables is the end of the table of logarithmic 
sines. We liave for instance, 

log. cos 0^ 6' = -9999993 . 
,^.«..0» 7'-. 9999991 ^'f- = -0000002 

Wft cAntiot, out of this ^ of ditference, tuake ditFerent cosines for 
every second between 6' aud 7'. The log. cosine here is increasing 
so slowly, that many successive increments of \" will not make it 
shew a difference of a unit in seven places of decimals. We come to 
2^ 41' before an angle increased by 1" has its log. cosine increased 
by *0000001. And if log. cosines are to shew tenths of seconds, 
that is, if the log. cosine is to increase so rapidly that 0"*1 added to 
the angle shall make a ditierence m seven places of decimal's, the 
angle must be upwards ot 25°. Rut when we come to tangents of 
angles very near 90% we hnd that the preceding method fails, because 
the increases of the log. tangent for successive increases of the angle 
are far from uniform. Consequently, when the angle to he found is 
inuMf moid expretmg it htf means of its cosine^ if possible; when it is 
nearbf a right angUf avoid its sine and tangent, if possible. In the 
case of a tangent which is very great, denoting an angle near 90**, 
proceed as follows. Let tan A = «, a being a considerable number, 
SO that the angle is nearly a right angle. Kemember that (56.) 

* /A Af:jo\ tanA — 1 0 — I 
tanCA-46)=55jj^-j:pj 

Find, not A, but A — 45°, from this f t inula, aud the difficulty will 
disappear; for near 45° the increase of the tangent is very nearly 
uniform, and also that of its logarithm. For instance, I wish to 
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know, with great exMtnets, the angle whose tangent is 3000. On 
looking at the tables I see that it is between 89° 5R' and 89° 59^, but 
on examining the increase of the tangent, 1 see as lollows : 

tan 89° 57' 1145-9 ^ 

tan 89° 58' 1718-9 ^'^^ = '" 'I 

Un89P59' 8437-r I>»f-«1718 8i equal 

liui, liie angle wanted diminisiied by 45° has for its tangent, 
2999 

looT = '^^^^^^^ 
tan 44^ 58' •9988371 



4965 . 

60 



Dif. a 5813)297900(51*3 

29065 



7250 

5813 A~ 45<» s 44* 58' 51' 3 



14370 A s= 89° 58' 51"-3 

(69.) Suppose cos A = a, a being veiy near unity, or the angle 
very small.. Wehavetlien 

which may easily be calculated by logarithms; and from | A, A can 
be found* Similarly, if we have sin A » a, where a is very near 
unity, we have 

1-a « l^cos(90°-A) = 2sin*(45^-lA) 

sin (460- i A) « 

and from 45°— i A, A can be found. 

(70.) We have seen that the cosine approaches very near to unity 
when the angle is small; so near that 1— cos9 is a small quantity by 
the side of 9 itself, when B is small (48.). But our future purposes 
will re(|uiie a theorem which Nve .shall introduce here, to give a further 
notion otthe rate at which cos& approaches unity. If we take an 

le less than ^, and form the series 0, ~, |, &c. we have a 
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series the terms of which diminish without limit. If we Uieu 
take 

9 B 0 

co^O, cos-, COS-, COS", &c. 

2 3 4 

we have a series of terms approximating without limit to unity. Let 
us now take 

We itnow that the powers of a fraction less than unity decrease, and 
without limit as the exponents increase {Aigzhra^ p. 159), that is, if 
the fraction operated upon remain the same. But here we hare 
in passing from 

cos 0 to cos increase 

91 

from cos- to fcos-^ decrease 
« V n/ 

the question is^ as n grows greater and greater, which will pre* 
dominate, the increase or the decrease. Will ^cos^^, by the de- 
crease wliich takes place in raising the power, tend to a hmit less 
than unity, or may it be brought as near to unity as we please. 
To try this, write 

^cos-^ in the form ^l — 2sin*j^ 

^^TfU ^^^\Vn) ^^'^ l** ^^^^^^ 

approaches to unity as n is increased, Subsutule, which gives 
{^Algthrai p. 209, and p. 218, for a similar process) 

\ n/ V 2nV 2»* ' 2 4»* 

1 



" 2fl 2 4m* 



every tenn of which, except the first, diminishes without limit when 
« increases without limit ; for 0 remains the same, ^ approaches to 
unity, and n has increase without limit, causing the same in all the 
denCHninators. Henee 

cos - ] has the limit 1, the same as that of cos- 

r 2 
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(71.) We shall now examiiie'the Umh of + ^^^^ ~j uoder 

l.ke circumstances, li is evidcui thai 

Ibr = 5)" WKl ^ = un 

in which jiioJuct the fir>l factor, as ju^t sliewn, has unity for its 
hinit, and we must examine that of the seoood factor. If we make 
9 9 

lau- = u - then (48.)* as n increases without limit, the limit of a 

is uuity. Substitute aud develope by the binomial tkieorem, which 
gives (as in Algebra, p. 218), 

Take the limit of both sides (limit of^ = 1) 
L.mitof (l+Atan?y= 1+ fttf + + ^ + .... ^ 

or Limit of ( cos - 4- A sin « I*' 

TliiU is the equation (^^^ ^^^^^ ^ 

1. is never alisnhitely true; 2. is very nearly true, if n be great; 
3. can be brought as near to truth as we please, by making n sutfi- 
c pntly great. Extract the arithmetical nth root {Algebra, p. 110) of 
both sides, and we have, as nearly as we please 

C08W + Asin» s € 



co« - 4" « stn - =s r • I 

n 7i 

if nnifty be at great m we dIcmMp J 



or 

m&y be M great m we pkaie. J ^if « may beat small as we pkaMb 

Observe that this is independent of the value of ft. In the last form 
the result is easy to establish, for when « is small cosM + /csin« is 

nearly 1 -j-A*, which {AlgcirUf p. 187) is by much llie greater part 

of the developen.ent of f*''. This process, therefore, is one more 
experience of the confidence to be placed in the developements of 
(1 +.1)** and {Afgebru, c.xi,xii.); and also suggests the propriety 
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of examining further the form cosd-fAesind. Multiply two such 
forms together^ and we have 

(cose + fcsine)(cose'4-fcsin9') ^ cosd cos e' -f^'sind sine' -f ^ sin (0 -f- e') 
= cosecos6> — sint^siae'4-(l + /r*) sin 0 sin 0 ' -f A-siu(^t^ 9 ) 
8s cos(0 + d') + ^sin + d') + (1 + /c^) sin d siuQ' 

or^if this function of 9, cosO + ^^inO be denoted \>f fB^ we have 

=/(e-i-60 4-U-t-^'jsin0.siii(^' .... (I) 
Multiply again by JQ" or cos9"+Ann9''y which gives 

/B x/ti' xfO " =/(0 4.0' + e")+(l +/v^){sin0''sin(0 + e')Hrsine.sinr/r} 
since by (I) /{$ + &)/e" = /(« + 0' + 0") + (1 + ^) sin(e + 0') sind" 

By proceeding in this way we see that if we multiply together J O, 

J 9'f JO' i .... we iiave an equation of ihe following form : 

fd.fB'.fB" + + + ,...) + (! + &») V 

where V is a function of the angles, and of k, Tliis factor 1 + 
might be made lo simplify the expression materially, if there were 
such a value of k as that I -\- should be = 0, but there is evidenily 
no such algebraical value, positive or negative, for is always po- 
sitive, and 1 4- A> greater than 1 . We shall hereafler see the conse- 
quences of this hint, but we shall leave this formula for the present. 
As fiir as we have yet proceeded, every thing seems to render it roost 
likely that, if any function of sines and cosines be identical with a 
function of common algebra, it is of the form cos9+Jbsin0, which, 

tiiougb not found to be such, is very nearly represented by f'^^, 
when 0 is small. To try4his supposition, let us (as an experiment) 

make cos ^ + Asin « for all values of 0, 

merely to see whether the consequences coincide with those already 
obtained or not. Then, if this equation be universally true, we have, 
writing — 9 for 9 (44.), 

cos e — /c sin a = g"*^ =1 -jrf Let s=s 

1 1 
Then 2costf s 0?+- 2Asintf ^ x 

Of 

Again, cosntf + ^sinntf — i*"' = (g*^) = 

cosntf — Asinntf = a= (g^**^)" =s i.» 
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Whence 2cosn^ a ^+^1 2^sioii4 = 3^ — ^ 

(73.) Let U8 tiy •ome properties of the sine and cosine with 
these supposed values. 

cos -20 = 2 cos' 0—1 or 2 cos2 0 = (2 cos 0)' — 2. 

If our preceding equations be conecty we should bave^ 

(or + ^)*~ ^> ^ therefore 

litis case ilues not couUaUicL uur aii>uinptions. 

Again 'sin20 s 2sinacos0 or 2Asin29 s (2A8ioeX2cosd) 

But j;^— = C*'' "~ i) (*^ therefore, i» 

no contradiction. 

Again, cos2o = 1 — 28jn*0 2 A' cos 2 0 = 2^^- — ^2 A; am 6*)' 

But 2A<cos2^ s 

to equate these two is therefore to make A*+ 1—0, which cannot be. 
We may next prove that all tlie equations contained in 

2cosn^ j?^ ^ 2^sin»^ sa iB*— -i; 

for all whole values of o from 0 upwards, muiA be true the two 
first are true; namely, 

tibO 2b: 07°+-^ 2AsinO ^ which are true 

n s« 1 2costf =a jr + - 2^sin^ = j; — 1 (A) 

For it is readily shewn that the truth of any two of these equations 
involves the truth of the next, as follows. Let a and a -f If viy 
iwo successive values of fi, give true results, tliat is, assume 

2cosatf B ^r* 2k9ina0 ^ — ^ 

2cos(a+ « + 2Asin(aH-l)^ « ar*"^'_2_ 
Now, (l±5l^«(a+l)^ (1±2^«, 



i^iy u^od by Google 



TWO OB MOBB ANGLES. 



57 



(54.) cos(a4-2)0 4-co8a0 = aco8(a + l)e.cosO 

sin (a -I- 2) 0 + sin 0 0 = 2 sin (a + 1)0 cos0 
Theiefote 2co8(o + 2)<» = 2co8(a + .2co8^^2coso<> 



a+2 , 1 



And 2Asiu(,a + 2)^ = 2 /i .sin(fl + l)^.2co8d — 2^fc8ioatf 



a+8 1 

as a; — 



From these it appears that the thiid follows from the two first; 
the fourth, from the second and third ; the fifth, from the third and 

fourth, with the secouti, \c. 
We now try the equation 

or (A.2co8^ + 2Asin^)« = 2A.2Asin2t) 

or (A^ + J+:p-iy = 4A« + 2A(^-ii) 

But + = (A + l)«:r« + 2(A«-l) + ^^^' 

= 2* (:.^- i) + (A« + 1) (xH + - 2 

which becomes identical with 4/c« + 2A (a:*— only on the im- 
possible supposition of 1 + A? 0« 

We shall try one more case. 

Since .f* = cos w0 -f /c sin n0, and x = cos -f /c sin 0, we have, 
cos ltd + AEsinnO = (cosO + ftsind)"^: (c + fc8y> 
ui cos20 -h ^sin2es55q*+2fcc8 + ft«9« = (c»-f 2 fccs — 8») 
COS30 -h /csin3 0 = c»-f aA^a -f- 3/c=*cs«+ A's' 

sb(c' + 3/cc*8 — 3cs' — /cs») 
cos4d + fcsin40asc*+4fcc»s+6A»c*s»+4fe'cs« + AV 

=: (c^ + 4fcc»s — 6cV— 4ftcs* + s<) 

The values in parentheses are those already found in (59.), 
simply multiplying the sines by and forming cosnO + ftsinnO, 
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case after case, alteriog only the order of the terms^ so as to put them 
under those which they resemble ia the results of oor present method. 
Ws see, theoy that the lesulu of our present method coiDcide with 
those of (59.), by writing — 1 for Jb", for ^, 1 for k*, kc, 
which are all algebraical consequences of the single assumption, 
fc» = — 1, which gives = — A, k* = —ft* = 1, ft* = ft, kc. 
And from all that lias preceded, we deduce the following remark, 
which we have as much r^a^uu to suppose i^taerally true, as iDStances 
can give. 

(73,) The functions x-^- and x — ~ have properties corresponding 

X X 

in all respects to the trigonometrical functions 2co8 0 and 2 ft sin 9; 
and such that, under the following limitations, the properties of the first 
may be deduced from those of the second. If an equation which is 
true of tlie first functions, undergo substitotion of the second for the 
first, then, if the result do not contain k at all, it is absolutely true of 
the second ; but if it contain powers of ft it is never true of the 
:s(r!C()iid. Nevertheless, it becomes lim of tlic st LLiiul. it {..v tlip set nf 
even powers of ft, namely, ft', ft^ ft®, &c. we substitute — ^i, -fi, 
— 1, &c. and for the set of odd powers of ft, namely, ft, ft% ft*. A', &c. 
we substitute ft, — ft, -fft, —ft, &c. ; in which case, the part inde- 
pendent of ft on one side is equal to the part independent of k on the 
other, and the coefficient of ft on one side equal to the coefficient of ft 
on the other. And the representative of x is cosO + ftsinO, and 

aUo 6*^ 

Nevertheless, 2cos9sa;4r+* ^ impossible equation, eioept 

ftp 

only when x — l,cusO = 1. For, whereas 2 cos© is never greater 
than 2, X + - » never less than 2. For, if jr were less than 3, 

X X 

a' -l-.l would be less than 2x, or x'— 2x + l, sl squaie, ViO\x\d be 
negative. And, in ^t, if we solve 

X + - =■ 2co8^ we find x =cos^+ j^/ — 1 sin^ 
X ^ 

X^- s» 2Asin^ gives X s= Asin^;t: V^sin*^ -f 1 

which agrees in form with the preceding only when ft' = I. 

We have thus laid the foundation of the application of a more 
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abbiruse analysis to the primary functions of nn angle. We shall 
first consider the application of our forinula to the solution of 
triangUSf as it is called, that is, the determination of the remaining 
parts of a triangle, when enough are given to distinguish it from 
aU others. 
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CHAPTER III. 

OK THE SOLUTION OF TRIANGLES. 

(74.) Let aU, 6U, cV, be tiie sides of a triangle^ U being any giren 
linear unit, and lei A, C, be the opposite angles^ expressed in 
degrees, minutes, and seconds. When one of the angles is a right 
angle, it is evident that the tables of sines, cosines, &c. are nothing but 
registers of the proportions of the sides of such a triangle. Knowing, 
therefore, any one side, and an angle, we look to the table for the pro- 
portion of the other side to it, preferring, of course, the logarithm of 
tlie propoi lion for convenience of calculation. 

(75.) The be>it tables in common use are those ofHuUon, which 
may be piocured of any bookseller. The arrangement by whicli the 
sine of 18°, for instance, is prevented from being again printed as the 
cosine of 72°, will be better understood by consulting the table (and 
remarking the description of the fonctioDS at the top and bottom of 
the page, and the reckoning in minutes downwards on the left hand, 
and upwards on tlie right) than by any explanation. 

But the following point requires some notice. In every mathe- 
matical table which contains both positive and negative quantities, 
there is such a liability to error in tukint; out the signs, that it is 
most useful, and almost necessary, to form the table in such a way 
that all shall have the same sign. Suppose, for example, that the 
following table was in frequent use. 

+ 6, -1-4, -3, +2, -10, -1, -l-e, -It. 

Now 12 being greater than any one of these, add 12 to each, 
whicii converts the table into 

+ 18, +16, +9, +14, +2, +11, +20, +1, 

Every result in this table is to be added ; but 12 Is to be sub- 
tracted whenever the table is used. There is always both an addition 
and a subtraction ; the sign of the table will not be liable to be read 
wrong, and the correction of the table is uniform — always a sub- 
traction. 



Digitized by Google 



ON TH£ 80LUTIOK OF TBIAKQLBS. 61 



The trigonometrical tables consist of — sines and cosines with 
logarithms dhvays negative — tangents and cotangents with the same 
somelmies positive and someluiies negative — and secants and cose- 
cants with logarithms always positive. The plan which is followed 
is to add 10 to every logarithm in the table, without exception : 
80 thaty 

True log. FA = Tabular \og, FA — 10 
Tabular log. FA s True log. F A + U) 
For intlance, tin 30<» s | log., sin 30° s —-301 0300. 
In the tables we have> 10— *3010d00 or 9*6989700. 

(76.) The fonnttte ht the solution of right-angled triangles, are 
as follows : 

Let C be right angle> cU the hypothcnuse ; then we have. 




b 

- ss sioA s cosB a sss csinA ss ccosB 
c 

J a tanA s cotB a s fttanA ss 5cotB 

But the following formula should be remembered in words. 
iide B hypotheouse into sine of oppotUe angle 
$kle = hypothenuse into cosine of adjacent angle 

hypothenuse = side by sine of opposite angle 
hypothenuse = sule by cosine oi adjacent angle 

side s= otiier side itito tangent of opposile angle 
tide = other side by tangent of adjacent angle 

(77.) The following axe the cases which may occur, and the loga- 
rithmic equadoDS for the solution (L sin, &c. mean tabuhtt log. sin, 
; iide, or angk^ in Italics, means given side). 

1. Given the hypoUienuse and a side ; required the rest. 

log. remaining side = | (log. Ay/>. + + ^''^^ ^yp* — tide) 
!>. sin* angle opp. side a 10 + log. lufe* log. 
angle opp. other side as 90° —angle opp. side 

0 



Digitized by Google 



62 m TBI aoLunoir ov tsia: 

2. Giv«i the hypotbenuse an^ an angle ; required ftM. 

log. iide opp. angle = log. Ay/i. -H L. sin. an^'/e — 10 
log. side adj. angle = log. Ay/7. + L cot. angle — 10 
other angle s= 90^* '^angk 

3. Given a side and an angle ; required the rest. 

Other angle s: 90° — angk 

log. hyp. SB 10 log. iide ^ L ein /. opp. side 
log. other iide as tog* $ide + L tan e4l* 

4. Given the two i»ides ; required the rest. 

Ltan. AN 4V0I.E :b 10 + log. m opp. tM^e— log* other sidie 
Other angle ss 90°— > the angle found 

log. hyp. ^ 10 + log.il SlDM'^h.tm, ITS opp. angle. 

(78.) There are two cases in which the sine :ind tanyent of an 
angle are severally to be found ; from two equations of these tocma 

Bin A ss - tan A =s r 

e o 

If in the first case ^ be very near unity (68.), use the equation 



c — o 



If, in the second caaoi b be very smaU in comparison of a» use 

lilllAni = ^JH^ or tan(A-46°) « ^ 
tanA-fl « + ^ + ^ 

When a side (6) is given and a very small adjacent angle (A), 
the hypothenoie may be determined by its excess above the given 
side (which is small) u follows : 

= 2Jsin«4" v«y Marly. 

cosA cosA 2 

(79.) Given the hypotheotise and the sum of the two sides; 
required the rest. 

(a-i-bf-^d^ s 2ab « 2c^8inA.cosA as c^8ia2A 
L.sin2A « 10 + iog(£i + ft + c)+log(a + 6— c)— 2logc 

Oiveik the excess of the hypothenuse over a sidci and the diffinenoe 
^the sngles ; required the parts of the triangle. 
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c-i> = A, A~B:«M, A + B=590°, 

A T> QO—M , A.cosA . 

' * 29iii«7 

(80.) Fiom the fbllowing table, in which all the parts of a right- 
angled triangle are given, any data may be chosen, and the preceding 
formuls rerified. 

c = 128«4327 logc = 2*1086756 

ft« 66-1364 log^= 1-8204405 
a » 1 10 0951 loga = 2*0417681 
A 38 59** C 21"«26 B » 30^ 59' 38"-75 
L.sinA = LcosB = 9-9330925 
LoosA ^ LnnB « 9*7117649 
LtanA « LcotB = 10*2213276 

(81.) \\ e shall how proceed to the cases of oblique-angled triangles. 
The UuPie angles are coonecttd by any of the following relatioM. 

A4-B + Cs=:180° A + B«al80''— C -+-5 « 90°— - «ic. 

* 2 

sin (A 4- B) = sinC, co«(A-hB) = — cosC, tan ( A + R) = — tanC &c. 
smJ(A +B)s=cos|C, cosi(A + B) = 8in|C, tan i (A -f B) =: cot i C &c. 
Again, sin\A + B) ss sin'A.cos'B-hcoa'A.sin'B-f' 2siaAcosA8inBcosB 
for co6*A and C06*B write 1 — 8iii*A and 1 — sin'B, which gives 
8iD>(A4-B) = sin'A-i-sin*B + 2sinA.smB(co8Aco«B — sinA.sinB) 

But, iin(A +B) es ainC cos(A -|- B) as »coeC 
or sin«C = 8ln*A + sin'B — 2 sin A sm B cos C 

Similarly, sin'B = sin'C + un^A — 28inC8in AcoaB 
8in*A a 8in*B+nik'C — SaiQBsinCoosA 

Again, taii(A + B) « -ianC ;^A + tanB 

I --tan A. tail B 

or tiiu A + tan B 4- tan C = tan A . tan B . lan C 

(82.) I«t p U, 9 U, and rU, be the thrae perpendioulan let lall from 
the TCrticea of the tiiangle upon the sides aU, 6U, and cU. And 
let A', B', and Che the exterior angles of the triangle adjacent to 
A, B, and C. Then, if A he an obtuse angle, there are right-angled 
triangle, having Ibr hypothenoses bV and cU, and for sides opposite 
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10 A', rU unci qV. If A be a right angle we have 6 =s r, and c ~ g. 

If A be an aeulc angle, we have risht-an^rled triangles liav ing for 
hypolheniises fc U and cU, and for sides opposite to A, rU and yU. 
And the same of B and C. AgaiD^ A + A' = 1 80°, B + B' s lao^, 
C +C s 180% and we have 

p = 6sinC or 6sinC = 6sinC, in both cases 
p = cswB or csiuB' s csinB, in both cases 

ThatiSy butkC = csioB or ^ s 

«. , c sinC - « sin A 

SiiDiuurly. - = - — 7- aod t sz - — - 

* a siu A 0 siii B 

That is, any two sides are proportional to the sines of the oppoeite 
angles. This is the formula upon which all others lelatiTe lo 
triangles will be made to depend. 

(83.) Divide both sides of the value of sin'C in (81.) by sin'C ; 
substitute the ratios of the sides for those of the sines of angles, and 
we have 

1 =^ +^ -.2-.-.C0SC 

or • =s 4- 2aZ^cosC, cosC = ^^-^~7^ 

Similarly, ^« =b + a* — 2 cacosB, cosB = ^^^f^^^ 

««« 5^+<S«-26ccosA, cosA=:^±^p^ 

These formulK may be readily deduced from the triangle itielff 
it being obvious that p = ftsinC, and also that 

c« = (^»sinC)2 + (a - 6 cosC)« 

($4.) We now proceed to put the preceding expressions in a 
form convenient for logarithmic conctpuiations : 

cosC/ = ^-z — r = ^r~L. *■ 

2ab 2ab 

Also oosO = 2^^- = —j^^ + 1 
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Lti ' a + i + e 9 %9 then o + t — c ™ 2(#*c) 
&4.e^it s 2(« — «), e + a — & = 2(s^b) 

Substitute thtw^ancl also tb^ values of 1 + cosC^ &c. which gives 

cos'- SB ■ * 8»n « ^ ' t • 

9 00 2 09 



Similarly cos'- »= -^^ ^ 



Sin'*- = 



9 0C 2 ac 

cos* - = — i sin*- = i p ^ 

2 be 2 be 

. . 2V . 2V . ^ 2V 

sioA = -s— sinU =s — smU « — r 
oe ae ab 

A A 

This is derived froiv the preceding, by aid of sin A ss 2sia— cos'r- 

sinA sinB sin C 2 V 
a h c abc 

I^csibA = icasinB sa |a6sinC es V 

(85.) To reduced sm + da^cosC to a form adapted for 

logarithmic computation, proceed as follows: 

Now, (rt 4- 6)* — 4ab being — 6)' is positive ; therefore (a -|- 

is greater than 4a6 and 



and still more — r-rr-.cos*- is leiis than 1. 



{a + by {a + by 2 

Compute the positive square root of the last eipression^ and find 
in the tables the angle of which it is the sine ; or find K from 

, 2s/ab . cos i C 
ginK = ■ , 

a-j-b 

Then 4^ =s (a + 6)< {l— >in*K} or c ss (ii + fr)eosK 

3. c2 = (a-^)2 + 2a6 (1-cosC) 

o 2 
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Compate K' ftom twK' » '- ^^""^^ 

a— 0 

Then = {a — by 1 1 +tan= K'j C = 

(86.)J^Uy, ^=5^ gi^es (54.) and (81.) 

— 6 sin A — sin B tail i (A — B) UB I (A^B 
«-f6 ~~ 5inA4-sinB ~~ tani(A + B) cot J C 

or tan i (A— B) = j^co^ i ^ 

(87.) The preceding foraraln are sufficient for our general purpose. 

We shall now proceed to difiSBrent cases. 

The student may verify tlic methods as they are produced upon 
the sidesi ^c. of the following triangle: . - ' 

a SB 15*236 loga = 1*1828710 i'^a as 3-098 log(s— a) = 0*4910614 

b = 12-414 loff/; = 1-0939 117 «— 6 = 5*920 log(«— fc) = 0*7723217 
c =z 9 U18 logc = 0-9551102 s— c = 9-316 log(*— c) = 0 9692295 

t ss 18*334 logt 1= 1*2632572 V = 55*96866 logV = 1*7479449 

a-i-b s 27*650 log (a+4) ss 1*4416951 a— i = 2-822 log(a — 6) = 0-4505670 
6+c = 21*432 log(6+c) = 1*3310627 6— c = 3*396 log(A— c) = 0*5309677 
414 c 8 24*254 log (rt+r) =s 1*3847884 «— c « 6*218 log(a— c) as 0*7936507 









I., sin. 


L. COS. 


L.tan. 


A 




89 9 23-54 


0 nor, () 5 30 


81G79268 


11-8320262 


B 




54 33 25-12 


9-9109937 


9-7633479 


101476458 


C 




36 17 11*48 


9*7721922 


9-9063714 


9*8658206 






44 34 41*77 


9*8462647 


9*8526583 


9-9936064 


^B 




27 10 4-2-.-.G 


90(111649 


9 9487989 


9-7123661 






10 8 35-74 


9 4933102 


9-9778520 


9-5154583 


(A - B) 




17 17 59-21 


94722909 


9-9798951 


9-4924039 


.;(n-C) 




9 8 6-82 


9-2007551 


9-9944564 


9*2062988 


HA-C) 




26 26 6 03 


9*6485379 


9-9520365 


9*6965016 


K. 




44 41 30*6 


9*8471366 


9*8518083 








59 12 50*4 


9-9340361 


9*7091283 




Kc 




70 57 53*6 


9-9755783 


9*5134140 








77 7 15-5 




9*3408970 


10-6408380 






59 56 28-9 




9-6997390 


10-2375348 


K'c 




71 45 50*9 




9*4954464 


10-4821746 



where, by is mcaui ihe auj^ie Iv of (85.), as obtained when a is to 
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be found, or from a* = 6* + — 2 c cos A. In the following table, 

p\Jy 9U, and rV, are, before, the perpendiculars on a, 6, and c, 
and a^\j means the seg;ment of aU adjacent to bV, &c* 

p = 7*347 logp ss 0*8661039 
g = 9'017 logy =s 0-9550632 
r =12 413 logr = 1 0938647 

a^s 10*006 log0^ SB 1<0002831 a, 5*230 loga^ s 0*7184581 

Bs 12*281 logb^ ss 1*0892424 s '133 \ogb^ s 9*1230370 

8*835 log<.^ = 0-9462189 sss 183 logc^ = 9 2618385 

In all the following article^ a i» the greatest aide, h the mean^ and 
c the least. Consequently, A is the greatest angte^ &e. { } means 
that the quantity endosed is the one found by the piocess; all the 

otiiers in it being given or preTiously found. 

(88.) First Case. Given the three sides, rec^uired the angles. 

Fintmeikod. (6.) aj — <4 » ^— c* or (Ot— + c) (6 -c) 

iog {db — = ^os(^ + <J) + l<^g(^ — c) — loga 
Hence> 0^ — is found ; let it be k, 

log.cos{C} = logfljj logft leg.cos(B) = logfl^ — logtf 

{A} = 180^-(B + C) 

This method is the shortest when aH the angles are wanted, but 

should not be used (68.) when one of the angles is very small ; or 
one of the sides very small in proportion to the rest. When one 
angle only is wanted, use the 

Second method. To itnd A, use (84.) one of these, 
L.8in{iA} = 10 + i(log<»6 + log log 6 —lege) 

L.cos{ i A } = 10 + J (log 8 H- logs — a — log 6 — logc) 
L.tan{iAl = 10 + ^OogT^ + logsZ^— logs — log(s— a)) 
{A}s=2x4A 

(89.) Second Case. Given two sides (a and b, a the greater), 
and the included angle C ; required the rest. 
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L.tan{jr=^} = log(a — 5)+L.cotlC — log(a-i-*)» 

{iSTS} « w-tc 

(A) s |(A + B) + i(A-B) {B} = KA+B)-.i(A-.B) 
log (c) = L.sinC + logo — LsinA f 

&cofNl iMlM* When die side ooly Is requiied (05.)^ use either 
of the following : 

L.sin{K} = |(loga+log6)+lag2+Lcos|C--log(a + 6)) 

Iog{c} 8s log(a + 5)+L.cotK^10) 

L.tan{K'} = i(loga + log6) -f log2 + L.sin J C — log(a«*)} 

Third method. When the given angle is very nearly 180°, let it 
l)e 180** — - C„ where is small ; we hsTe then 

C* as ^+A*-..2«6cos(180°— C,) k e^-h ^ + SafteesC, 

By the binomial theoiem V't — jr s nearly, jr being small 

C - (« + /.) (l - .in. J C,) - « +i_|^sm-iC, 

very neatly. But $inC^ ss 2sin|C,.cos|C,» or cos|C, being 
very nearly 1, we have 

sin|C^ = ^sioC,, ain' jC^ = Jsin^C^, very nearly: 
c B a -f 6«->^- ^^^ ■ veiy neaily 

log{;^} ss 2LsinC,+loga + log6.1og(a + 6) — 20 

e = a -\-b^\k 

Fowih method. When b is veiy small compaied with e, and the 
small angle B Is wanted^ we have 

* -!LA «n(B+C) _ + cotB.daC 
0 Sin li sin B 

* 10 is not sddad here to give the tabular logarithm^ heeanse L. cot 
already Coo grsat by 10. 

f The exeess of the m tabular 1^. eompensatat that of the other. 
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a — b cos C , -r> 6 sin C f> 
cotB = . . ^ — tanB = . = -suiO 

very nearly ; beoce 6 is readily foundy veiy nearly. 

(90.) TkiRD Casb. Given two sides and an angle noi induded^ 
leqaired the rest. 

It can be shewn immediately that this is n problem of the second 
degree, admitting soruetiraes of two solutioas. Let a and b be the 
given sideS) B the given angle ; we have then 

a* + c'.2accosB 

or {c} s ucosB ± a^sin^B 

(r^ ) csinB c * ) asinB 

SiD|Cj =-5— sin|A{ = — J— 

1. There is no such triangle at all wlien b is less than o sin B. 

2. Only positive values of c must be taken, for a negative value 
of C would give sinC n^ti^c, or C greater than two right angles, 
which is impossible in a triangle. The roots of the equation aio 
both potitive (Algebra, p. 18§.) when ^ is positive, or a greater 
than hi in this case there are two triangles latislying the eonditions 
in question. When a s 6 one triangle disappears, for then one 
value of e is 0; when a is less than h there is only one solution. 

The geometrical construction will also shew this. Lay down 
the angle li ec^uai to the given angle^ and take PQs=aU. With 




centre V and radius PY s bV describe a circle, then, if be less 
than PR or asinB. U, there is no such triangle ; if 6U s asinB.U, 
there is a right-angled triangle QPR, under the given conditions; 

if, PY being greater than PR, it be still less than PQ, there are two 
triangles, QPX, and QPY, satisfying the conditions. But if PY 
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be greater than PQ there is only one such triangle, QP V, for the 
triangle QPZ obviously has not the (?iven angle, but its supplement. 
For logarithmic solution, proceed as follows : 

Here {50.) are two angles which satisfy the conditions ; one less 
thao ft i%ht ftnglet which call the other or 1dO°— greater. 

sin B 

Or it may happen that a ^ may be greater than unity, in which 

case I«.siiiA wiU be found greater than 10, or log. sin A positive^ 
and there ia no inch angle. In the case where this does not happen, 
we proceed as foUowa : 

KAer {C} - iaO°-A,-B or 

Or 180-A-B C„« A;-B 

if A^ be greater than B ; for otherwise, C^, is negative, and is here 
inadmissible. Consequently^ the two values of t being c, mod c^t 
m bav»t 

_ ftsinC, &sin(A, + B) &sin(A,-.B) 
sinB ^ sinB ^ sinB ' 

log{c,) = log^ + LsinC, — LsinB 

log^C^J ss log6 + L»inC^— LsmB (if C^^ be positive) 

(91.) Fourth Cass. Given a side and two angles; (aU the 
side)| required the rest 

{Third angle} « 180°— (sum of given angles) 

log5 ax loga + LsinB — LsinA 

logc = loga + LunC LsinA 
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CHAPTER IV. 

OF THE EXTENSION OF THE MEAKIV08 OF S71IB0LS, AND ON 

Til£ SQUARE ROOTS OF N£OATIV£ QUANTITIES. 

(92.) We ha^e as yet explicitly used only two different kinds of 
symbols: tliose of quajit ity fSpeci^c and general (arithmetical and alge- 
braical), and those of operation; specific, as -f- — , &c. and general, 
J'f &c. {Algebra, p. 203). But we are not therefore bound never 
to use any other symbols; the only laws by which our right to 
such aids is limited, are the foUowiog. 

1. Neither the symbols themselves, nor any expressions in which 
th^ are used, must have difleient meanings of any such kind, such 
tbat the consequences of one meaning may be confounded with, and 
used for, the consequences of another. 

2. The consequences of ail assumptions must follow logically 
from the assumptions themselves. 

It therefore becomes of interest to consider in what other possible 
ways we might use symbols. And first it must strike us that all yet 
employed may be styled under one name, more geneml than either 
<^ration or quantity. They are, in &ct, symbols of dkenmkmtien 
or iSitmetuuu Thus, in a, h, and in which the symbolic difference 
is only difference of shape, that circumstance is made the distinction 
between difference of numerical magnitude. In -J- and — the same 
distinction, namely, of form, is made that of the direction given, as to 
which of two fundamental operations is to be performed. In a 6 

and ^ we see that difference of position, with the employment of a 

new, and not altogether necessary, symbol, is the distinction which 
implies difference of operations. 

(93.) Lt L us now louk at the extension of arithmetic into algebra, 
not con fun tig ourselves to the notion of optration or quantity^ but 
generalising our idea of symbols to that of mere discrimination ; the 
object being to consider, whether, in this point of view, extension is 
potnbltf preliminary to the further question of whether it is athkMe. 
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Looking oarrowly at the steps by which we asceoUed {Algebra, p. 57. 
and 1 lQ,)f w« aee that, so far as the discrimiaativ^ quality of the synn 
boU it concerned, we found the following eonaequenoe of our (uoda- 
mental and taiikmeiieal definitioos of + ~ namely, that ofd 
fnief were n^fdeiU to etpreu new dtUmetiaiu coniistently with the 
old dittinctiont ; in such sort that, whenever the new distlnctioiis dis- 
appeared, the result was a legitimate consequence of the older notioiie, 
such as would have been obtained if the more circuitous method had 
been adopted, to avoid which the new distinctions were introduced. 
For example, when we came to the expressions a-\-{-j;-b) and 
a-i-C"-*^)* which have no meaning under the original meaning of 
+ and — we had extended our ideas to the following question. 
The distinction between a magnitude of any one kind and ita dia- 
metrically opposite, being denoted by *b and IT 5, if there occur a 
case of a problem in which *b requires to be added to n, what will 
the similar problem require, in which IT ft is used where *h was used 
in the other. And we found, 1. That wlieie *b requires addition, 

requires subtraction. 2. That -{-a and — a would tliemscUes 
consistently express *a and provided that the rules appertaining 
to the original meaning of -t- and — , and no otJiers, should be 
also applied to them in their new and distinctive capacity. And 
we also found that the disappearance of 4* ~» hs their new 
character, was accompanied by the disappeannce of all traces <^ the 
new distinctions ; or that all theorems which in any case took the old 
ibrms only, were true under the old meanings. The old algebra 
(general arithmetic) was, in every sense, part of the new one, 

(94.) Now. this we shall lay down as the restriction under which 
any further extension is to be made ; namely, that all theorems at 
present existing, are to be theorems wliicb are true, whenever they 
are the consequences of any further extension; and true in the sense 
in which they exist at present. We might propose infinite numbers 
of changes of meaning, under which seme theorems would remain true, 
but in which others would not be so. For instance, if x placed 
between two quantities, were made to signify that their rines (not the 
numbers themselves) should be multiplied together, then (61 .) 

would be true ; but a x 26 = 6 x 2« would not be true. 

(95.) There might arise cases in which the answers of problems 



Digitized by Google 



< AND ON SQUARE ROOTS OF NEGATIVE QUANTITIES, 73 



could not be expressed without more power of symboL- ih.iti is pos- 
sessed at present. For inst mcc, will any one undertake to say, that of 
all possible prebleme, tliere is no one of which the answer is as follows : 
Divide 6754321 by 12, in the common way, with this exception, that 
^dienerer the naaimler is an even number, it is to stand, but when- 
ever it i« an odd tiumbery it is to be increased by 1» if the preceding 
remainder were even, and diminished by 1 if odd. The answer t» 
this question would be^ 

12) 6754321 
570367A 

but no symbols, at present possessed, would describe the operation. 
Again, if we ask what is that expression which, when x is posiuvp, 
is but when x is negative, is x^ l This cannot be expressed by 
present symbols ; and the same may be said of many imaginable 
resiills. So much for the possibility of further eKtension, or a new 
symbol of distinction ; the nest question must be, is it wanted, and 
can it be made ? 

(96 ) When the earlier algebraists first began lo occupy themselves 

with questions expressed in general terms, the difficulties of subtrac- 
tion soon became obvious, iti isinuch as the greater would ^sometimes 
demand to be subtracted from ilie less. The science has been brought 
to its present state through three distinct steps. The lirst was tacitly 
to contend for the principle that human Acuities, at the outset of any 
science, are judges both of the extent to which its results can be 
carried, and of the form in which they are to be expressed. Igno^ 
raruXj the necessary predecessor of knowledge, was called wUunt 
and all conceptions which were declared unintelligible by the former, 
were supposed to have been made impossible by the latter. The first 
wiio used algebraical symbols in a general sense, Vieta, concluded 
that subtraction was a defect, and that expressions containing it 
should be in every possible manner avoided. Vitium negaiionis, was 
his phrsse. Nothing could make a more easy pillow for the mind, 
than the rejection of ail which could give any trouble ; but if Euclid 
had altogether dispensed with the vithim paralklorumt his geometry 
would have been confined to twenty-six propositions of the first book. 

The next and second step, though not without considerable fiiuU, 
yet avoided the error of supposing that the learner was a competent 
critic. It consisted in treating the results of algebra as necessarily 
true, and as representing some relation or other, however iDcoosistent 

a 
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they might be with the roppoaitwiit fnm ivhkh they wmit dtdneedv 

So &OOD as it was shewn that a particular result had do existence as a 
quantity, it was permitted, by definition, to have an existence of 
another kind, iulo which no particular inquiry was made, because the 
rules under which it was found that the new syroboU would give tme 
lesDltSy did not differ from thoee pieviowly applied to the old oim» 
A tynholy the result of operatioiis upon qrnsbetsy ekfaer nevit ^nan* 
ti^, or nothing at all ; hot in the latter case it was coaeeiiied to be a 
certain new kind of qnanti^, and admitted as a subject of operations, 
though not one of distinct conception. Thus, 1—2, and ir — (a + b), 
appeared under the name of negative quaritUicSj or quantities less than 
nothing. These phrases, incougruuus as they always were, main- 
tained their ground, because ihey always produced true results, when- 
ever they produced any result at all which was intelligtble : that iSp 
the quantity lees than nothing, in defianoe of the common notion Aat 
all conceiiable quantities ate grealer than nothing, and the squaie mot 
of the negatire quantity, an absurdity constructed upon an abanrdi^, 
always led to troths when they led back to arithmetic at all, or when 
the inconsistent suppositions destroyed each other. This ought to 
have b€cu the most startling part ol Liie whole process. That coutra- 
dictioQS might occur, was no wonder ; but that contradictions should 
uniformly, and without exception, lead to truth in algebra, and in no 
otlier species of mental occupation whatsoever, was a circumstance 
worthy the name of a myaiery. 

Nothing couki prevail against the practical result, that theoiems 
so produced were tme; and at last, when the interpietatioo of the 
abstract negative quantity shewed that a part, at least, of the difficult 
admitted of rational solution, the remaining part, namely, that of the 
square root of a negative quantity, was received, and its results 
admitted, with iucitjased confidence. 

(97.) The complete explanation of the embarrassing circum- 
stances is comparatively modern; Ute latter arise from a very simple 
kgical misconception, the assumption of the truth of a converse, 
namely, that if B follow kom A, B follows from nothing else but A; 
or if A always yield B, B when it appears, must have been produced 
from A* We can imagine a, d,c, &c. +» -*-f X » floe, defined in many 
dsflferent ways, so that certain Of the theorems of algebra should 
severally be true under more than one set of meanings ; and we have 
shewn an instance in page 72. We can further imagine it possible 
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that one set of meanings should l)e so connected with another, that all 
theorems which are true in the first* should also be true m the second, 
and that, beside this, there should be other classes of theorems which 
are true in the second, but not true in the first. This is as possible as 
Uttt one figure should be eotifely cootained in anotbery without filling 
it* W« might thus ooiiceiv^ a suocesston of extennons of definitions, 
giving a series of Bosacmp eedi containing tiie whole of its pvedeees* 
aoiSi and mote. Wheooe it is okar, that if the methods of operation^ 
under any science, wandered beyond its limits, ^tbont tintt eorre* 
spending extension ot definitions being made which converted the logic 
of one science into that of the other, the consequence would be, the 
appearance of some of the symbolic means of expressmg truths in the 
svtder scSenoe, without the Icey to their interpretation . This happened 
when we first eame to the negative symbol in ailgebra (Aigekt^, p. IS), 
and we wars under the neoeasity of adopting move extensive defini* 
tiens. The proof of nndne extension in the operations again ooonrred 
(p. 110.), where V — 1 first appeared ; but it was not then nec^sary 
to follow up the extensions necessary for its elucidation. 

This matter is one of difficulty lo a beginner, unused to the idea 
of a finished language having the meanings of all its terms extended 
•0 that the old meanings are only part of the new ones. 6nt, in 
reality, he has gone through the process, by insensible steps, in bis 
ebildbood.* Let blm compare the first impression be was made to 
receive by the words I see," with the sense be puts upon the phrase 
when, if he understand the precediog,-be says be tea my meaning. 
That which I here call the extended use of the term, he will call the 
allegorical or metaphorical mode, that is, if we translate these Greek 
terms, the other-speakingf or transferred mode of expression. But 
in what way is the speech changed ? By using the word to see,'' 
not only as denoting perception by the eyes, but perception by the 
understanding in any way whatever. If we heard any one speak, we 
might still see his meaning. 

(98.) Let OS consider the most general meaning of any landa<> 
mental equation of algebm : fi>r instancoi 0 «f ^ ^ ^ + a* We restrict 

• TTie similarity of thp vipws here given, with some in tho review of 
Mr. Peacock's "Algebra, " in tlie ninth vohime of the " Journal of Edn- 
cBtion," makes it necessary fur the author to State that he wag also the 
writer of those articles^ 
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ounelva to this only, ibtt 6 and a, and mmn the same thing in 
both places, thai a denotes, gka the mm muU at, or w Me tame 
in efiei at^ and that the order of the expression is fnm left to right, 
that is, on the first side we first examine a, and b on the second side. 
I'hen u 4 b merely iuiplymg that scrncnhing, b, is done in some 
manner, -f, after somethin^^^ cIsl, a, has been done; the above 
shews no more tlian that it is inditi'erent whether a is done first or 
b, or that the result is the same in both cases. Consistently with 
a ^ s 6 + o» many meanings might be shewn to be impossible^ 
and many possible. Neither need a and b stand in any way for 
quantities : Ibr instance, the preceding would be tine it a stood for a 
line not oonsideied as a length, b for another line, + for the formation 
of a rectangle out of a and and s for equality of space enclosed. 
The prL'C(.'<l ing relalioii may tliereforc be a tnitK under an iofinite 
rjuiirmr of different meanings. Let us now take another form, 
a6 = bOf which admits of exactly as many meanings as the first, 
and denotes merely indifference of order. Suppose we piclL out two 
such meanings at pteasnie, and assign them, only requiring thai 
a and b shall mean the same in both f^tioos. We then have dell* 
nilions for a, b, + ^nd the meaning of juxlaposltion» and have ex- 
plained o + ^ » ^ +Of o^ =a bOf from whioh it follows that if 
+, as defined, will intelligibly apply to a 6, we have a&+6 = fr-f 
&c. But d we would have our new algebra identical with the old 
one in forms, %ve must choose such meanings for the symbols ui the 
two relations as will also make 

a{a + b) ^ aa + ab Rpresent a new troth. 

This is a lestriction upon all the possible allowances of meaning 
which might be made : for it does not follow that e?eiy meaning 
which makes a-\-b ^b -^a, and abtsaba, true, also makes the 
last true. And other relations might be introduced which would still 

more restrict tlie meanings, and so on, until every fundamental 

Xelation rjecessary to algeljra had been considered. li we could 
really collect all tlie possible meanings of each separate relation, and 
find the method of ascertaining which must be struck out for each 
and every new combination which the mechanism of algebra intro- 
duces, we should, if we could classify the remainder uniting those 
which are particular cases of a general meaning under their general 
head^ be left with an a^ebra in the widest possible sense of the word. 
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XV^e do not ivani to change operatiom ; but we roant to find all the 
di^jiiulions under which those operations wiU (kmonstrativelj/ enable us 
to pass from one truth. tf> oMOik£r* 

(99.) Two explanations may be given of the manner in which n/ — 1 
may ratioiwlly be used; ike first ptiiely symboUcaly that iS| employing 

as a symbol, the meaning of which is given for convenience 
only; the second derived fiom geometry, and an extension of the 
iDetbod by vrhich lines roeasnred in opposite directions are repre- 

seuied leUeis with ditreront signs. The first is wholly algebraical ; 
the second (for a reason wiucli wiU afterwards appear) is an appli- 
cation of geometry to algebra. 

Jjsti /c be a symbol which does not stand for quantity, but for a 
distinction, in whatever way it may be required to distinguish ; that 
is» ka and • both stand for the same magnitude, but the first has the 
jBuk of either being used In a certain wBy, or appropriated for 
certain purposes^ or liable to be reeded rnider certain circomstances, 
or whatever other distinction k may indicate. When two separated 
terms are multiplied together, as ka and kby kL tlic product be 
written k^ab, in which k* merely implies the presence, in a product, 
of two terms which had the mark of distinction. Similarly, k^a c is 
the distinction of a product made up of three terms which had the 
distinction, and so on. Let ft(a-|-fr] be the distinction Iietween 
a -|- 6 and ka + kh^ and so on. We are at liberty to assign to k any 
dUcrhmittaime power we please. Let it be as follows : A is to be a 
distinction which ceases altogether in terms marked widi ft*, ft", ft**, 
8ic. or fc*», and with ft-*, ft-', ft-w, Sec. or ft-*», and which is 
preserved in k^, /c'^, &c. /c-^, ft- ^i, &c. or m A^^+i where 
n IS any whole numbei p ositive or negative. And let ft*, ft*, ft"*, &c. 
k-'^j k-^j A'-^y, &c. be dislmctions amounting to a change of sign 
in the terms denoted by them ; so that if for k'a we write — >a, the 
object of the distinction is fulfilled, and the term need no longer be 
distingoished. Let ft^, ft', ft", &c. or ft-i, ft-^, ft<*9, imply both 
a change of sign and also the continuance of the distinction deaoted 
by ft; so that ft^a means — ft«. We have then defined every thing 
e3[eept ft itself by the following identities; 

h'^'*a means a, A^^+^a means ka, 
A*»+*a means —a, ^*"+*a means — 

And thus every algebraical expression, when its distinctions are all 

u 2 
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naikedi it fcdvciblt to the km P + ft Q where P and Q are alge- 
braical. Thii9| 

how k itself is to have meauiDg as follows; lu the ec^uation 

P + ftQ as F + *Q' 

let the pretence oik indicate thai equally will ttiU remain at if^ 
between the partt independent oik, at between tfaote afi^led by k. 
If we had netely P + Q = F + Q' it would not at all follow that 

P s and P' = Q' : but when we mean to make thit additional 
supposiiion, let us signify the same by the presence of k. 

Now, it will be obvious upon looking from (70.) to (73.) tliat 
we have here only made a notation to espreu distinctions which 
have been actually arrived at by procett of reasoning. We found 
a method of embodying all the retalti pievioutly obtain^^ of thit 

kind : 2cos0 cannot be -f but if we work in any manner with 

X + - and and produce an equation, then that same equation 

will corretpond to one or two true eqoaliont, if we work in piecitely 
the tame manner with 3 cot 9 and 2 ft tin 0^ and then let k have itt 
ditcriroinative powert. And we shall then find that the result is 

the same as if 

2 cos 72^ had taken the place of x** 4- ^ and2Asin«^of o;**--! 

When none but even numbers of /cs occur, it is obvious that 
the result can Ix only one equation of the form P = P'; but 
when odd nuuibers of ks also occur, the result will be of the 
form P + /cQ = P'+ftQ', giving two equations, P = P', and 
Q = Q'. 

(100.) Next, obterve that the algebraical aymbol which 
It certainly no quanti^, potitive or negative, and therefore not to 
be reaaoned upon at a quantity, yet hat this property, thai if ihote 
rulet be applied which would have been applied had it been a quantity, 
the results will be expressive of the distinction denoted by k. For in 
tliat case we have 

V~l it 'i/^; (V^)«it-.l; (V^)*it-V^; 
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Again, 

&e. from which the coincidenoe is apparent. Therefore, hy making 
's/~t the symbol of the dbtinction meant by ky all the reroainiDg 

distinctions will be drawn by applying the common rules of algebra 
to V — 1 as if it were a quantity. 

When in (71.) we began to compare cosO + /c sin 0 with f*'> we 

were also, m luct, comparing it with 1 + + A' — -f . . . or (if 

we apply the meaning of k) with 

Now, if the method of proceeding be valid, which extends the 
distinctive property of /c to the developement ott^^f then 

costf + &sin^ = 1 + + 4. 

or eos^^l—S + ril- ^ 2.3.4.5.6 — 

sm9 — <'"2T.+ 2.3.4.5"" 2.3.4.5.6.7 

(101.) We shall now go through a strict deduction of these equa- 
tionSy which will shew that what we have done would, had we seen 
how, itself have been one. It is evident that 

* . I . « * ■ 1 . « f which amounts to 

cos0+AsinO as cos0+Asm0 < ^ ^ „ 

COS0 = GO&O, sinO =s $inif 

Square both sides^ which gives 

(cos 0 + A sin ey = cos*0 + ft . Ssin 0 . cos 0 + jlc^sin»0 

= cos'O-^sin^dH- A,2sin0 .COS0 = cos20 4- Asin20 

Generally, if cosnd •^k»9mnO s (cos O-^k sin^y* 

X (cos 0 4- A sin 0) and cosnO.cos0 1 ,f cosnO.sind , ^ , . 

^ ^f + M L n ^ = (cose+jksine)"+» 

+ /c'sinn0.snjdj \ + sm«d.cos0 ^ ' 

or co8(» + l)0 + k .sin(ii + i)e as (cosO+ftsiney*-*-! 

So that this relation, if true for one whole value Of is true for the 
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Mxt. Boi it if iroe for s s 1 and • ss a» Umftm it m true t» 
mil. This is calM JD^ Mmr^M Ikeonm, 

Devdope the second lide, mbstitute the oaeaiiiiigs of i^, Hfi, Iw., 
and form the two icsnltiDg equations, which will be found to be 

, n'i=i.if-*^ + n.'^ ==2 ==2tf-«i^ 



where e means 6os0» and s, sinO. Divide both sides by e**, and pet 

c n^t 
t (taoO) for at the same time divide aod multiply h, » ^ » iuc, 

by a power of n of the same number of fiMstors, which gives 

l«i=i(«t)« + ^"^"^ (nt)* 



I— 1 1— 1 1— i 1—! 1— i 1— i 

_ « „t J- — {nty+ _ _ — _ (nt)*- 

which is true for all whole values of and all values of $, Now* 
consider all those whole vdues -d n, and vi^aes of 9, which make 

= a given angle : whence (^AlgebrOf p. 157.) the limits of the 
two sides of each of the preceding, made by increasing n w ihout 
hmit^ wUi be equal. We proceed to fmd these limits. W e have 



/ j\n 12 3 

C" = I cos -J the huiit of which (70.) is I ; &c. the 

X fx x\ 

iimits of wiiidi are severally 0; It t or ft tan ^ or ^^tan- ^ ^ 

the limit of which (48.) b « x 1| or «; and n9, which is 9 
tiimughottt. 

lUce the Inrnts of both sidesy which give 



sin;v s 1 « Xrc. 

2.3 ^ 2.3.4.5 . 



Uie iheorem in 
quesiioo. 



Hence vve have 



costf + i^sintf » l-j + + ....^ 

if we abbreviate tho preceding seiies into the fonaula of which it 
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urould be the algebraical developement, if k were a quantity. We 
sTiall now adopt the symbol V— 1 for k, which gives (for all values 

For 9 write— 0(44.) cose — sin ©V^T = g-'V^ 

cosd SB ^ sin ^ s= — - I ^ ■■■i- 

S 2 

that is, if we develope the pieceding exponential exptessioDS, paying 

attention to thediflerence of developeraent denoted by 's/-^, 

&c. we shall arrive at scries wlucli we have shewn to be the devc- 
lopements of sin 0 and cos^. 

(102.) Some marks of distinction are definition, and all the rest are 
oonsequences. Thus ^^haa k u, symbol of distinction ; but it does 
not mean k.t^, but cosO -|- ^sin9. And there are some results which 
when enunciated as if V— 1 were a quantity, are yet more incon- 
ceivable than less than nothing, in an arithmetical sense {Algtbra, 
p. 62.) For instance, calling kO the logarithm of s*^, we have> 
making $ = 2nw, n being a whole number (cos0 s 1, sine s 0) 

thus 1 has, under our present extension, an infinite number of loga- 
rithms, eonesponding to all whole values of positive and negative, 

namely, 

.... .-2flr>/^, — ffV — 1, 0, ^r^^^, 2*^^, .... 
among which the arithmetical logarithm is founds namely^ 0. Simi> 
larly we may deduce 

Let « be the arithmetical logarithm of then we have 

or all the values of jr-}-2iiir>/^ are also logarithms of The 
theorem loga+1og6 s logad now exists in this form : if any loga- 
rithm of a be added to any logarithm of the sum it tme of (he 
logarithms of a b. Thus, if log. a stand fbr the arithmetical logarithm 

of a, and a a for its geneiul logariihrn, we iiave 

Xa + ^^ » logfl + 2ir»>/'in +log6 + 2*iiVHT 
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(108.) We cao now give the ferms ef all the dilferent roots of a 
namber, which was done to the fourth degree in p.ll3 of the Algebra. 
If we take the equation 



we have (l)" = § "* " =s cos 



2«ir 



-f Sin— 



ftom which it might appear that there are as many mth roots of anity 

as there are whole values, positive and uegative, of n. But it ^vill be 
found tli u these values recur as we give to » different values m suc- 
cession i as follows : 

1 

First root n s 0 First value of (l)"* is coaO + sin 0. v" — 1 or 1 

Second root n I Second oos~ + ain^-^^ «,1 

m ' m ^ 

Thiixiroot fi a 2 Third cos — + 8in— \/ZT 



ffithioot 



««sm-l mth cos?&23i2?+8m?^:^Z:ih 



Th6 (»i4-l)th value is cos + sin 2^ . or oos 0 + 



sin 0 the same as the first. The (m + 2)th value is coe ^^""^1^ 4. 

m * 

the same as the secood, and ao on. To find the twelfth xoote^ for 

jp 




instanoe^ dmw a circle, with the centre O. Divide its circumference 
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into 12 equal parts, beginning at A, any given point. Then every 
point of subdivision shews a root as follows* If the radius be the 
linear unit^ and if PM and MO represent the fractions of a linear 
ni^ which are in those lines; tfaen^ 

one valne of(l)^ is OM + PM. 

(104.) It may be very soon shewn, that if c+s be a root 

of unity, c — s is also a root. Firstly, because if •* be 

a root, or if 

gii*V=i SB 1 we have s 1 ss (|-*^*^ 

OTy ifcoBx+sinjT. be aroot^ cosjr— sin^rV— 1 is another. 
Secondly, in the preceding list of roots we see from 

or 2 ^ — that the last root is cosf - — U «n (- ? - 

^ IT . 2 IT / . , ft- 2 W . . 2 TT / , 

or cos sin — v — 1 the second being cos i- sm — v — 1 

mm "mm 

The same will also appear from consideration of the figure. 

(105.) By proceeding in the same manner with or 
we find 

{-If = c^'»+*>' + VIT 

^ ^ m m 

and, as before, it may be proved, that there are m roots, and no more. 

But the rods of — 1 may be more easily set forth to the eye, by means 
of the roots of + 1» as follows. Every root of —1 is twici as iiigh a 
root of 4- 1 ; for if -r"* = — 1, ihen .r^"» = 1. Consequenily, if we 
take all the twenty-fourth roots of unity, or divide the circle in last 
article into 24 parts, all those 24th roots of «f> 1 which are not also 
13lh footSy are 12th roots of '^1, 

(106.) Let all roots of unity of the same oider be called corre- 
sponding roots : thus there aie m corresponding roots of + 1 of the 
iirth order. Then, all powers of a root are corresponding roots. For if 

5= 1, then ft*"* or = 1, &c. And this holds equally of 

all negative whole powers. But it does not therefore follow ihaf, 
among the powers of any one root, will be found all the other corre- 
sponding roots. 



Digitized by Google 



84 ON THS BZTBNBION OF THB MBAMING OF dTMBOLS, 



Let US denote ^* by [jr] for the praeent. Then we have 

[nx^ ^ lx}% Ix i- 2p} = Ixl I2p} = 1 

where a end p ere whole nnmbersy potitife or negnKive. The Mth 
roots of unity are 

•-[«]•[=]•!>]• 

Let 08 consider the case of m s 8. Then the powers of [O] are 

severally = [0], and never produce more than one root* The 
powers of[2-i-8] are as follows: 

D].|J].m-G]=->.[C'K]-B]-[T>'-- 

or all the roots are produced in order. But the powers of | I are 



and there is a continual recurrence of half the roots only. The 



powers of I I I me 



[•]■&'].[¥] -D]. [!]=-■■ 

J^-^J = 1> fuiiovved by recurrence. 

Here again are all the roots. Those roots, whose powers give all the 
roots of ihtit kind, are called primitive, h is enough for our present 
purpose to know that there is one primitive root of any order. 

(107.) The roots of + and — may be now obtained. 
For we have 



which may, as before, be shewn to have m values only. 
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To take an tnatance for verification : tlie cube roots of 

are 

1 . . 1 / — r 5 . . 5 / — r ^ . • ^ / — r 

cos-* V — 1 cos-'s- + sin-cv — 1 cos^* + sin-^r v — 1 

O' D O D O O * 

or lV3 + lVll _^V3+iV~l -V~l 

(1^3 + > vm)' = i(3 ya+gv^-svs- v^H) = v:rr 

( — '—If . 

(108.) Having shewn that the rules which would apply to V — 1 
^it could be cocsidered as a quantity, will of themselves make all 
the necessary distinctions between the formulie of common algebra, 
and the shape in which they become formula of trigonometryi we shall 
now proceed to the second method of explauation> or rather to the 
method of application, which shews the geometrical meaning of the 
symbote in question. As a starting point, we return again to the 
method of explanation of the negative sign. In looking at a + ( — b) 
we found that the sign + no longer preserved the meaning of 
aritlitnetical addition, while the quantity operated on, — 6, was no 
longer simply a number, but a number with a sign of directioo* 
We might apply the preceding method of explanation to the passage 
from arithmetic to algebra. In this case Jca would signify a dis- 
tinction of this kind ; tenns having l^, k^, &c. are all to be of one 
kind, unmarked, while terms having kf J^, k^, &c. are all to be of 
another kind, marked with the distinction k. Tf we adopted this 
signification we should soon find tliut all tlicoiums which are true 
when the distinction k means uoihing, and may be entirely abolished, 
are also true when the distinction k means simply c/nwgc of sign, 
if ii be arithmeikally allowable. And it would also be found that 
were it allowable to consider 0 — 1 as a quantity, the rules which 
would apply to this latter symbol are precisely those by which the 
necessary distinctions would be drawn in the course of the process, 
without any particular attention. We might thus dispense with 
sttbtiaction at the outset, and establish all theorems in which arith- 
raetically additive terms only occur. And subtraction might be 
introduced in time by means of a distinctive symbol. We cannot 
make this an illustration for a beginner, because to place it on the 
same footing as the subject of (73.), we must require him to imagiue 
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liimseir divested of some of his most simple Dotions> and thereby 
Kduced to learo things which now aie aziomsy by a long process of 
reasoning. He must conceive himself nnable to form a distinct 
notion of subtraction, other than the mverte of addUioH ; that is, 
though the notion of taking away that which he himself has just 
added may be simple, yet the idea of instituting a subtraction iode- 
pendenily of any previously expressed add uon, must he one to be 
learnt with some ditliculty. If this were the case, we could make 
the use of a distinctive symbol facilitate tiie acquirement of the 
general operation of subtraction ; as it is, the last-mentioned process 
is one of which we have a clear Idea, independently of addition*. 

(109.) We found that the interpretation of a negative quantity was 
a magnitude taken in precisely the opposite sense and meaning to that 
which we imagined , when we applied arithmetical process to the 
deterujUia.tioa of UuL in,i;^niitude. And the atiairs of life contain SO 
many sucii interpretations liiat the extension looks natural; so natural 
indeed, that many have drawn a great distinction between the nega> 
tive quantity, and the square root of the negative quantity. Of this 
the application of the term impossible to the latter symbol only, is 
a sufBcieut instance : both are impossible, according to arithmetical 
notions, but the latter only has received the name. There is hardly 
a phenomenon in nature, or a relation of life, which does not admit 
of the modes of neutrality, excess on one side, or on the other. Where- 
ever there are two opposite.", with a 6iau^ between them which does 
not belong to either, we iiave the means of illustrating the terms, 
positive, nothing, and negative. Without specifying what we are 
speaking of, it would at once be granted that where the establishmeat 
of one state of things would cause increase, that of the opposite state 
would cause diminution, and that of the neutral state neither increase 
nor diminution. If we consider time as divided into btfore,qfter, and 
6i; pecuniary relations divided into those of debtor, creditor, and 
neither debtor nor creditor ; a balloon with weights, as either rising, 
sitiking, and ntiiiher rising nor sinking; electricity as producing 
attraction, repulsion, or neiiher attraction nor repulsion, 8cc. &c. we 
have the same common modes of existence : oTid in aU the casa W€ 
have mendoned, no oihen whatsoever. It is in considering ^poce only 
that we have these modes, and olhert, as follows : 

(110.) As long as we consider ourselves at liberty to change the 
position of a point in a given straight line, and In that straigbt line 
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only, we have the three modes already considered, and no otliers. 
Hie point P may lie on one side or tlie other of a standard point Of 
given to measure from, or it may coincide with the point O. Let our 




notion of space be contained in length, and we pass with perfect con- 
tinuity from P to Q» by continually diminishing OP, until P coin- 
cides with O, and then continuing the motion of P on the left. We 
have here perfect analogy with all the other kinds of quantity which 
we can conceive. Let O represent the commencement of the Christian 
era; take an inch to a year, and we have tlie means of making a table 
of all conceivable mode:, of time, and by laying down points corre- 
sponding to different events, we might reduce chronology to a science 
of feet and inches. But if we allow all space to enter the question, 
we may bring OP into the position OQ without diminishing its 
length, by turning it round through two right angles. And if we now 
consider the first passage from P to Q, relatively to the new notion 
we have introduced, we see direct duemtinuity. Ihe line OP always 
continues njaking nn angle nothing* with its first position, until P 
coincides with O, when OP is not a line, and the idea of opening, 
actual or possible, ceases altogether: immediately afterwards, OP, 
now become O makes two right angles, or half a revolution, with 
its first position. But it might have made this at two steps of a right 
angle each, or at lour of half a right angle each, &c* &c. Conse- 
quently, in geometiy, we can pass from positive to negative by an 
infinite number of gradations, but which, as yet, we have uo means 
of noting, though the conception is clearly attained. 

Now let us try to extend our notion of chronology in the same 
manner. Let O denote the commencement of the Christian era ; let 
years A.C be measured to the left in inches, and A.D to the right. 

• The student must carefully distinguish between no openiv^ tcitere 
opening might have been, and no opening because opening is inconceivable. 
And this distinction must be made throughout the mathematics. Our 
language wants a phrsea to distinguish between the nonexistence which 
niaes from ineolierence of ideas, and that which is not, bat might have 
been, the case* 
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We can easily say what point of time P repreaeots, or where P should 
be in order that it might represent anj given event. But what is the 

* 

answer to the question, What point of time does R denote ? Tbi» 
question is wholly unanswerable. All the time we ean form a notioii 
of, is already expressed on one side or other of O; there remains no 

idea of time answering to the point R. We have no idea of time 
except quaniU^ of duration : \ve iia?e two ideas of a straight line, 
guantUy of length f and direction. 

(111.) We see then, tliat in prepariog an algebra for geometry, we 
are making one wiiich will be more tban we can apply to any thing 
else. But we shall cany on our geometrical algebra, and then aiiew 
that, by a process of pure reasoning, which contains no assailable 
point,* we can use this method in all other sciences. 

Let all lines be considered as having direction as well 
fude, and both essential to their definition ; so thai two lines shall noi 
be called t'(iu il, unless they be in fact equal and parallel. Lines of 
equal length hi different directions are to have distinct symbols, and 
to be different things. Let there be only one direction of revolution 
(for the pressnt), namely, fiom OA through OA', a direction, OA, 




having been chosen which is to be pennanenily that of positive quan- 
tity, or that in -which a line is to be expressed by its simple symboi 
aU, where U is tlie linear unit, and a the number of linear units, or 
(if the student think he comprehends Uie phrase)^ the symbol for the 
ratio of the line to the unit. Consequently^ a line measured in the^ 
direction OA" has such a symbol as — aU, supposed to be already 
understood. Call OA •••• the Une of arUhmeiic, which is part 

* When I say this, I mean that all tha objections wUoh have been 
made relatively to negative tnd impossible quaatitieB in the usual sense^ 
sight or wrong; have nothing to do with the vessoning which wiU hn 
employed* 
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of . . , , A"0 A . . , . that of the algebra of po^itire and negative quan- 
tities. In this line the nmning of and — " iifaeed by all that hat 
preceded in ordinary a^bra ; but as relates to lines not coinciding 
with OA or OA", nothing must he conceived to have been yet laid 
down, llie meaning of + and remains to be determined, sobjec 
only to the law qfesiention^ that aU the limited meaning is to be con- 
tained in the extended nieaiiing. The question to be determined is, 
what is the proper icpicsenlation of the line OP, rU in length, and 
$ in directi<Mi, meaning that it makes an angle 9 with O A. 

Firstly, suppose 6 to be commensurable with two right angles, or 

that 0B as -^ire (m and n whole numbers) whence 2n9 ss fii.2ir. 

Let fc^r be the distinctive symbol which marks that rU makes an 
angle B witli the arithmetical line; where k not being a symbol of 
qnantity, neither is 9 that of an exponent, in the algebraical sense. 
Then it is evident thai, by turning OP until it has revolved through 2 n 
times the angle 0, we bring O P into the position of a line making m 
sets of four right angles with OA, that is, we bring it into the direc- 
tion OA for die mill time. And because coincidence is restored after 
every revolution, we must have 

A''*''"**'r U signifying the same length and direction as h^rV 

h^'^'^V u 

or A^+^-'rU eguab k*rV A*'"* U = U 

for we have said, let lines be equal when they are the same in length 
and direction* 

If then we want such a symbol as Is capable of expressing the 
necessary distinctions, and which shall be pointed out by the rules of 

ordinary algebra, we must so assign A*^ as tliat .k^.k^. . . . {2n) = 

k** • . .(m) B 1, which can be done by mal<inrr j^^ a 3nlh root 

of 1, in the manner already laid down, where is treated* as 

a quantity. If we ask which root of 1 is to be adopted, the ansiver 

* Let the student carefully note the difference between treating 
>/ — 1 as a qoantity, when it has been proved that certain purposes of 
distinction are answered by so doing, and eon^dering it as a quantity. 
In aperatwn$, this difference amounts to nothing, which is precisely the 
reason for which we adopt the method ; but in theory, the first method 
gives good rtaming ; the second gives only a pert of it, lagkal deduction, 

I 2 
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evidently is, that root which, when raised to the 2 nth power, gives 
Ibe unit at the end af its mth lerolutioD^ or exhibits it in^ the fofm 
cos2iviir 9m2m^ • ^^1, Hmt is, we must let 

be signified by cos 1- sin . v — 1 

(Be careful to remember that sinr meaosy wji sioOr 
hut (sin x) . V— 1). By De Moivre's Theorem, 

«»-- — +sm-- — / scos2iiiir + smSmir 

a form of unity. 

But — — = - TT = hence k is cosO -J- sme v— 1 
211 n ' 

Secondly, lei 0 and tt be incomnieiisurable ; the same notation 
must siill be preserved, extendinir u> Uio symbol of quantity 0 all 
those considerations which have been heretofore introduced, in respect 
to the connexion of commensurabies and incommensurables. The 
general result then is, 

^(cos9 + ginO V — l) U signifies a line rU inclined at an 
angle 0 to the arithmetical line. 

(112.) The meaning of the sign 4- before a term distinguished by 

*<J -^Xy is to be determined from the preceding. If OM = orU 
(= is here conrectly applied), and if MP equals in length (the 
limited definition of ss), we find that the line is 

consequently, j? + y V or O M + M P >/— 1, is the symbol for 
OP; whence we see that our extension of meaning is as follows: 
whereas, in the arithmetical line, OM + MP (MP being earned 
forward on that line) would haVe been OP on that line, then 
OM + MP^/m, M^hen MP is distinguished as being at right 
angles to OM, itill means OP. That *</ — 1 is the distinction of 
perpendicuiarUiff as —1 is of contrariety of directioUf appears as 

follows: the unit perpendicular to OA is U ^cos^ 4-sin^\^IIT^ 

or Un/ — 1; but more evidently from the consideration that if ftU 
denote perpendicularity, k{k\]) must denote motion through a right 
angle more, or must denote — >1 . U. 
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(113.) Our extension is now complete: it is yet for ns to see what 
extension the preceding makes in the remaining notions of algebra. 

1. What is k^r + r'. Let s and / be values of OM, and 

y*</^t, and yV^T those of MP for the lines just stated. Then 
we bare 

k^r + li'r' = a? + a?' -f (y + y') "^^^ 
Nowy the general form jr + y >/^l may be cooTerted as follows : 



X ^ y*J ^\ s= f^sc^ + ^ (cose + sine V — 1) 

where tanO = This follows irom the treatment of as a 

ar 

quantity; for if we assume 

rcostf s X rsintf s y; then r ss *^a^ -^y^ tantf s ^, 

jP+yVin = rcos^ + ^sin^v^^ =s V^a:«4.y^(costf + sintf 

Applyinpr this to :r + ^ + (y +y) \/ — 1, and making also 
= r'cosG' y = r'sind'y we find 

^{x-^aff+(y + yy (cos^ + sin^\/ZJ), tanf = 

Va* + 3/« -h + y« + 2 (ara/ + (cos^ + sin^ V^), or 
kir + k^'r' = Vr« + r'« + 2rr cos (0 — e') (cos^ + sin^ 
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ax OQ(cosQOA + wnQOAs/Hl) since tenQOA= ~ as 
or the Mim of OP and OP'is OQ, the diagonal of the oera- 

pitted pamllelograni, which endt at O. The diffNence of the two 
lines will be found in the same way to be 



(where too^ =» taaFPAJ 

« PP'(cosFPA, + sinFPAy^) 

or the dlfleience k^r — k^r^ U PP, the other du^ami. Let OP 
signify the line OP in kngih and direethm. The way of settling the 

distinction between OP — OP' and Oi" — O i% is as follows. 
The opposite of any line is found by merely chaiigmg the sign 
of r, if we allow 9 to remain the same. For the opposite of 
rcose + rsin0>/^ is rcos(d + ») + rsin (d -|- «)>/^ = 
(»r) (cosO + sinOV^T): that is, two opposite lines may be 
expressed, either by chsmging the sign of the symbol of length, or 
adding two right angles to that of direction. We see then tint the 
opposite of r (cos 0 -f sinOv/ — 1) may either be defined as r at 
the angle & Hh ^» or as — r at the angle B. Now, to determine the 
proper luterpielation of OP — OK, since we are to have all alge- 
braical Ibrmultt remain true, let us write it thus: OP + (— OP^, 
and add OP and — "oF, or (T? and OT; the result is CTV'. 
Siuularly OP' — (IF = oF + (—OP) = oF -j- O W = OV. 
In truth, ^vhen we came to the tirst square root, namely, that which 
gave OQ, we should have ascertained that the sum was OQ and not 

OX. This must be, for the extended definitions are entirely to con- 
tain the limited ones. Let OP and OP' revolve towards the arith- 
metical line, and it is finally OQ, which becomes their arithmetical 
sum, and not OX. 

(114.) The terms greater and less cannot have meaning as applied 
to lines defined in length and direction. We may have lines greater 
in length, or greater in direction, than others; but OP is not greater 
or less than O P'. Watching this more narrowly, we see tliat we have 
defined egtuU in a sense which only applies to lines in the same 



Digitized by Google 



AKD OK saUABB BOOTS OF NBGATIVB QUAMTITIB6. 93 



^tiieetioo; this HmUtiiionf for such it is, tequires a concspondttig 
linltetioii of the retaUve terms, greater and less. 

(115.) As to multiplication, we see that 

r(c08e -I- sin« X / (cosO' + sinO V — l) =s 

rr' (cos (9 + d') + sin(0 -f ^) — 1) 

or, in muUiplication of r and r', the result belongs to a line /-/U, 

with a direction, the sum of the directions of r and r'* Similarly, 
r f 

-, belongs to a line pU, at an angle 9 — 9^, and so on. We see then 

that the angles of direction have the properties of logarithms rela- 
tively to the lines, which is also plainly shewn by (or, if not, is a 
confirmation oQ 

Taking this convenient abbreviation, we hav9 a set of equations, 
as follows: 

• c ' 

(116.) if we look at our first method of introducing n/ — 1, (99.) 
we see that the one jual explained agrees with it, except in one im|)or- 
tant particular. That first method did not bind us to any meaning of 
the sign + and — before kj but left us, as we then might suppose, to 
imagine that P 4-/cQ must be the same as P + Q, with a distinctive 
matk on Q, reserving it for future opemtions. But I did not noUce 
at the time, wishing to avoid any generality which was not required 
by the subject, that the definition we assigned to k entirely destroyed 
all specific meaning for the sign + before fc, though it continued 
that meaning in relaliuns among the terms independent of k, or 
among those aiiected with it. For if we agree to mean by P+'cQ 
= P' + /c Q' an equivalent to . laying down both that P = P' and 
Q s Q',the preceding relation remains equally true, whatever may be 
the meaning of + before /c,* since identical operations performed upon 
equal quantities must give the same result. In applying the result 
to geometry, we find ourselves led to a more special meaning of A, 
for kQ means the line Q perpendicular to the arithmetical line. And 
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M l til it we find a special meanintr of betwppn a terra without k 
niui one with ky namely, ihe hypothenuse of a hght-angled triangle. 
But still the meaning of k remains in force, for, in the geome*- 
trical application, P s F and Q s Q'. By eqireasly defining two 
lines as equal which have boUi equal lengths and directions, we 
require also equal projections on both OA and OA', as is readily 
proved from the accompanying figure. For,if MN and PQ hare 




the same length and djieclion, tlien KV = LX, and Gil = DE. 
But we iiave 

MN = KV + GH>/:rr 

PQ = LX + DEV^ 

(117.) We have thus coBTerted every theotem of algebni into one 
of geometry, not belonging to a class very uselul at present, bat, geo^ 
metrioally considered, of great complexity. And we have thus the 

satisfaction of putting upon every theorem of algebra a meaiiiiig which 
is as iiUelligible as an arithmetical operation, when tlie latter is as 
complicated ; and this on the supposition that every letter is a (till 

now) impossible binomial of the ibrm jr+yV^. Hius, in 
a +(+c as e-^-h'^a aas 6 +«+c> ^ ^ the following theorem. 
If there be any number of straight lines meeting in a point, and if the 
conterminous diagonal of the parallelogram formed by any two be 

made one side of a new parallelogram, :irid a third line another : and 
if the conterminous diagonal of tiie last be similarly combined with a 
fourth line, and so on till all the lines are exhausted ; then shall the last 
found diagonal be the same in magnitude and position, in what order 
soera the several lines were introduced. But theorems which ate 
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algebnucally very simple lead to problems of great complexity. To 
shew tills we shall eounciate the geometrical theorem which answers to 

as an exercise for the student in the meaning of the extension. 

If there be two finite straight lines making angles with a third finite 
line CD the same side, and all meeting in one point, and if we take 
the third propoitional to the third line and each of the two fint, and 
incline such third proportionals to the third line at angles twice as 
great as the first and second line ; and if we also take the double of 
a fourth proportional to the third hue and the two first and incline 
it to the third at an angle as great as the angles of the first and second 
together ; and if we then take the contermiiKius diagonal of tlie 
parallelogram whose sides are the two third proportionals^ and also 
the diagonal of the paiallelogiam which has the last-mentioiied 
di^onaly and the double of the fourth proportional for its sides: then 
shall this last-mentioned diagonal be in length a third proportional to 
the third line and the diagonal of the paiallelognim on the first two, 
and shall make, with the third line, an angle double of the angle 
made by the diagonal of the first two with the third. 

The student should cumiruct some problems of this kind, both as 
an exercise in the meaning of the extensions, and the use of the 
instruments. 

(118.) I now pass to a question of much greater importance, 
namely, the use of the pieoeding extenaioBS in reasoning. As a certain 
species of fidlacy is called reasoning in a circle^ I think the method 
I am going to describe might be celled reasoning in a triangle ; for, 
when there is an obstacle in one side, we pass from one end of it to 
the other over the oiiier two, whicli we shall shew are free. To return 
to our illustration ; suppose a question involving times before and 
after a certain epoch to be given, and suppose that ordinary alge- 
braical reasoning, though it produce an answer positive or negative, 
does it by means of square roots of negative quantities fallaciously 
entering in the process. I say &llaciously (1 10.), because we cannot 
extend to our notions of dumtion those relations which answer to 
various directions of lines, except only, that if time before may be 
represented by a line north, time after may be represented by a line 
south. But a line east has no correlaiive in our nuUyas of time. As 
long as we keep the notion of time, we must, «o to speak, keep in 
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the algebraical line (ill-) of positiTe and negative qoaotity. But 
let ttt proceed as follows. Whatever ratios exist between the given 
times are made to eiist between the geometrical lines which represent 
them in • . • • A"0 A • • , • ; and if there be an answer to the question 
in timef there is an answer in the line A"0 A to a given geometrical 
problem, corresponding to the given question. And, conversely, if 
there be in tlie line A OA an answer to the geometrical question, 
namely, a line whose length has all the required ratios to the given 
lines, there must be a time whose ratio has all the required ratios to the 
given times ; for ratios are the same things whether they be of portions 
of duration or of length. We cannot reason on the problem throughout 
when the concrete magnitudes are times : for, by our suppositiooi 
modes of duration of which we cannot conceive the existence are 
introduced. But we can reason on the geometrical problem, because 
geometry can put an mtelligible construction upon correlative modes 
which exist among lines in difll r^ht directions. But the geometrical 
result when obtained, gives au answer to the problem upon the rela- 
tions of time; not depending upon the methods which gave the 
geometrical answer in any way, but upon a circumstance alh^ether 
different ; namely, that relations among lines, positive or negative, 
however obtained, have their correlative reUtions among times. That 
is to say, we may depend upon the results of gpieral algebra, even 
when the concrete magnitudes under discussion are such as do not 
admit of the geometrical extension. But, if the geometrical problem 
give an answer which amounts to supposing a line U i' not in the 
line of algebraical positives or negatives, then we know that the 
corresponding problems relative to such concretes as do not admit of 
the extension, are strictly impossible, and (as yet, at least) incon- 
ceivable in any sense whatsoever. The same reasoning applies if the 
given problem be upon abstract numbers, with this additional limit- 
ation, that the question is impossible unless the answer of the cor- 
responding geometrical problem lie upon the arithmetical line OA . . . 

We shall not in future consider it necessary to make any dis- 
tinction between >/ — I and other symbols. Those equations in 
which it occurs are rationally true in tiie exieiided sense of the sym- 
bols, and those in which it does not occur are true in the ordinary 
algebraical sense; for, as seen, the extended and ordinary meanings 
coincide when the symbol >/— 1 is neither expressed nor implied. 
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CHAPTER V. 

ON THE DISTINCTION OF PERIODIC QUANTITIES, AND 
PRELIMINARY CONSIDERATIONS ON THE INVERSION OF 
PERIODIC FUNCTIONS* 

(1h9.) Ws have, in the notion of continual rerolutlon, an idea of 
quantity, tlie whole effect of which is represented by the angle which 
the revolving line malces with the line of commencement ; and in 
which, so far as position is concerned, or any ratios which depend upon 
position, it is indifferent whether the place which the line occupies 
he in the lirst, second, or any other revolution. If we were to say, 
let the angle 2 x i- 0 be the same angle as 0, we should then call an 
angle a periodic quantity; but this notion would not be very accurate. 
Yet sin cos0, &c. are really periodic functions of for as 9 increases 
they do not increase or decrease without end, but circulate in value 
through various changes, in such manner that what value soever any 
one has when Osa, it has the same for a+3ir, a+49r, &c. It 
is usaal to distinguish the primary functions of angles from magni- 
tudes which depend on lines, or other continually increasing quan- 
tities, by the name of periodic quantities. 

(120.) The question of finding the double, treble, &c. of a quantity 
of revolution is not afiected by the multiplicity of values which answer 
to that quantity, considered as the determiner of angular position. 
Thus mo, i»(2ir-i-d), »n(4 7r+0), &c. are tn0, 2mir+f»«, Am it -{-me, 
which all give the levolving line the same position as mBy when m is 
a whole number. But when m is a fraction, the case is altered. 
Suppose we ask, how many diflferent quantities of revolution are 
there, each of which repeated 10 times, will leave the revolving line 
at an angle 0 with the primary line OA. This position may be 
obuuned by the revolutions 0, 0-f-2 7r, d-\-A7r, &c. consequently, 
the tenth part, or the solution necessary, is contained in the formula 

^0 " lo"* ^ 10* values of whicii are 
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0 IT 0 2^ e 97r 0 

10' * +10' T +10 •••• "P'** T +10' 

aflar which theve is only recurrence; for + ^ ^ *' + ^* 

then, we were to set out with a problem iuvoiving the given aoglt 9, 
and the answer were, 

g 

the falue lequued is cos ~- 

there would, in feet, be ten enewers ; for 9 might at the outset have 
been called 2w + 9, or 4w + 9» fcc. ; and though theae angles have 

equal cosines, their tenth parts have not. 

Thus, in the formula sin 0 = 2 sin 4 ^ - cos | we see that 

sinO is either 2siniO.Q08|<> or 28io(«'4>|0)cos(ir + ^) 

liic latter arising from writing 2ir-^9 for 9. And in 

co840 + \/^TsmJ9 ss ±s/ cos9 + V— 1 ainO 

the second side has two values; and so has the first side, its second 
value appearing by writing 2ir + d for 9. 

(121.) The actually periodic character of the series in (101.) is a 
point of interest, which it may be advisable to Terify, An angle is ex- 
pressed in analytical units by an absolute number, and every number 
belongs to some quantity of revolution, 1 belonging to that which 
makes the arc and radius equal. And the remark in (63.) must be 
particularly attended to. No result yet obtained, which involves 
aiu^les themselves, is true of degrees, minutes, and seconds, but only 
of analytical units. If we take a high number for 0, the formation 
of a few terms will make the series appear very diveigent ; but we 
see that convergence roust come, for, in the sine, we have 

0* 

(» + l)th term = nth term x ^n^^n-^-t) 
And in the cosine 

(n 4- l)th term » nth term x 77: tvtt- 

^ ^ (2n— 1)2» 

So iliat, however great 0 may be, terms must arrive at which 
2n(2n-fl) and (2^2 — 1)2 n bear as great a ratio as we please to O'"*, 
or the (>i 4- l)th terms may be made parts a? ynuill as we please of 
the nth. And tiie terms being alternatively positive and negative, 
the magnitude of the latter kind will compensate that of tlie former. 
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leaving a difference always lew than unhy^ as abould be the ease 
from (36.)» To shew this, we shall take some terns of the sine and 
cosine of the angle 10, something greater than 3ir. We begin with 
10, and the process is continual multiplication by 10, and division by 

successive numbers. Let (») mean 10** divided by 1.2.3 .... n, 
then VV6 have 

sinlO = (l)-(3) +(6)- (7) + .... 
coslO = 1 - (2) + (4) - (6) + .... 

To pass firom («) to (»+ 1) we must multiply by 10 (move the 
decimal point one place to the right) and divide by i» + 1 . To get a 
sine and cosine from this (at the beginning) very diverging series, to 
a single place of decimals, will reqnire about 29 places of decimals 

to be considered in the £urst term. Let us begin with 

(1) B lO'OOOO • . . • 29 ciphers 

(2) 8 50000 .... 

(3) s 166*66 .... &e. 

Proceeding in this way, and keepmg two decimals from each lerm, 
we find as follows : 



(1) 




10-00 


(11) 




2505*21 


(20 




19-57 


(2) 




5000 


(12) 




2087-G8 


(22; 




890 


(3) 




160-67 


(13) 




1605-90 


(23) 




3-87 


(4) 




416 67 


(14) 




114707 


(24) 




1-61 


(5) 




833.33 


(15) 




764-72 


(25) 




•64 


(6) 




1388-89 


(16) 




477-95 


(26) 




*25 


(r) 




1964*13 


(17) 




281*15 


(ar) 




•09 


(8) 




2480*16 


(IS) 




156*19 


(28) 




•03 


W 




2755*73 


(19) 




82-21 


(29) 




*01 


(10) 




2755*73 


(20) 




41*10 









Uence^ (l) + (5) + (9)+ .... up to (29) = 5506-33 = A 
(3)-H(7) + (ll)-h .... up to (27) SB 5506-90 = B 
sin 10 a A«B nearly he -*<57 

1 + (^) + (9) + up lo (28) = 5506*20 =s C 

(2) +(6) + (10) -h up to (26) = 5507-03 = D 

coslO = C — D nearly = —-83 

10 s 3ir +-58 nearly, or coslO as cos*58 sinlO s sin*58 
•58 e as *58 X 57*31*' as 33 23 neariy in degreet. 
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And from the tables sm55*>i « -54,00855°^ » -84, whence the 

first deciiual nglit, as we proposed. We have thus shewn how to 
verify the actual coiucideDce of the series with the sine and cosine 
of the tables. 

(122.) When an operation is performed successively upon a quan- 
ti^ and iU results^ if we denote the operation by f\ the results of the 
repeated opemtions may he denoted by /ff ///» which may 
he abbfe?iated into /*, &c. So that suppose s the quantity 
operated upon, and 2x+l the operation to be performed (that 
isy let / represent a direction to double, and then add one), we have 

/a?«2«+l, =8 2(2j?+1)+ 1 = 4ar + 3, 
px ^ 2(2(2.1 + 1) + 1 } + 1 « 8af + 7, «tc. 

The ooovenience of this notation consists in the analogy which 
eiisls between the indices off and algebraical exponents. Thus 
we have 

f^f^x ^f*x « 2[2{2(2x+l) + l} + l] +1; 

the only difference being, that in w« consider the preceding as 
having all between {} first finished, which total operation is then 
repeated ; and in/*jr we consider all the operations as separate. But 
both results, when developed, are, in fact, ff/fj^* To preserve the 

same equation, we must \etf*x signify x, in order that 

jy^a; may be/^+^o;, or/^;r, or/a?; 

and the meaning of /*^« may thus be given. Let it be such that 

the equation = still exists, and we must then 

have 

<«f~^x means the inverse of the function whose e£fecl is reversed 
or undone by /; so that if /"^ be first performed upon x, and then 
y, the latter restores x again. Thus, if jf ^ be jr,J^^x is Vx, 
because ff^^x or (Vx)^ is x. 

Since /"-^"x is either /^/"x, or /**/"" 4?, to preserve tbiseqwiP 
tion, we should stipulate that f']fs should be the same wff^s, 
or that we should only allow fimctions satisfying this condition to he 
called/"**. Thus in *■ and ^/*, we see that we have 

= X, and, changing order of operation^ x* 
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But if we take — V'j for/"*x,/jr being x', we find 
(— Vi)* «s 07, - V'S* « -a:, /-/a:, nof being « x. 

To elacidale this pointy we most observe that, in algebfa, diiecl 
opefations, which produce bat one va/tte out of ene voAi€| are gene- 
lelly accompanied by Invenes which produce more values than cue ; 

addition and multiplication only excepted. What do we mean by a 
square root? The expression, which squared, gives the original. 
1 liis, with regard to t*, answers both to x and — x. But li we had 
been considering as an operation to be repeated, giving (jt*)', &c. 
and had from thence, in the preceding manner, deduced an idea of 
an inverse opeiatioo, we should have found that if 

fx SB ap«, and Uff'^^x and f'^fx^ are both to be s: a:^ 

we can only admit/-i4P a» and noi/'^^x as — But because 
it has been customaiy in algebra to admit all functions to the name 

of inverses of/", which satisfy .//"^t = x, without inquiring whether 
they satisfy J '^/^i' = Sf we must here adupt the name, but with a 
distinction of notation. Let those forms be called convertible inverse 
functions of^ and be denoted hyf^f which satisfy both s x 
and /~^f* B X, And let those forms be called ineonperti^ inverse 
fonctions of^^ and be denoted by f^iX, which satisly only/jr_,dr as x, 
and notf^^fx = x. Thus, when fx^ x^, f^^ — ^> = 
— •y.r. But it is riglit to warn the student tliat, in other works, 
J'~^ and are not distinguished. 

(133.) Let us now turn to cos^. What is its inverse function? 
Let cos be denoted hyfxf then 

f'^ = cosx + •/l^.cos'* V~l = /a: + n/^, 

(as in my Algebra, p. 123, I always mean by x the posiuve square 
rooty and by the general form, either positive or negative). This is 
true only for angles less than ir (of all iu the first revolution); for if 
9 be greater than ir» we must have 

f» sss cosx -h sino: V —1, 

and the second tenn (44.) is negative; 

k2 
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Whence |» ^ « /x + V 1^(75^ V IT, 

(x between O and w, dw end 3ir, &c.) 

(jr between w and Sir and 4wf kc) 

both iflcluded in = + (l — C/iP)*)* — i# 

(for all valnes of 

Now, if for * we write jr-f 2n»,yj remains as before, and so 

does f ' ^^^i we have then eveiy ponible form of the pteoeding 
equatkm in 

j.^::j+2i,r^^ «/(a:-f2»«')+{l^(/a:+2»^y}V~l; ...(A) 

in which there is identity of value in both sides of the equation for 
all values of ». But before we proceed a stq> further, we have an 
important remark to make, the neglect of which foe a long time 
emhaiassed this subject. 

(124.) iikntity of form means positive and absolute identity in 
every respect. We see it in 

x = x + a ^ X'^a, ooso; s oosx. 

Identity of value includes all other eases in which the sign s 
applies. We see it in 

X = x-^a—a, (Z»— a)^ = (a—by, cos(x+2cr) = cosar. 

AU operatiotUf general or limited, performed tqHm ideittiiiet of 
form, produce the same results. We see this in 

i/x = V^a? as well as « x*. 

This proposition is only worth stating as a contradictory of the next. 

Limited operationt performed itpon identitiet of vakie with differ- 
enee» of form, do not neee$tariif produce the tame retultt. Thus, 

(b—af = (a— does not give s/ {b-^af =a ^(fi^by, 

or 6 — a s a— ^, 

but it does give — a)2j* = {(a — 

that is, every wUve ^ thefint tide tt avalue ifftheteoond tide, but not 
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at our pleature. It is V j: on the first side, which is equal to the 
— >/ X of the second, and vice verm: if we attempt to displace ibis 
anangemeDt, and make of the first side equal to x of the 
second, we have no longer an identity f but an tguation ^ comiition 
{Alg^a, p. ix.)f for then as a^b, or a s ^. 

(125.) Conversely, when we find that an operation performed upon 
both aides of an identity of value gives different results^ it will be most 
judicious, before proceeding further, to examine first the operation in 
question, to see whether it be not a limited case of a more general 
operation. And we see iliat a.u algebraicul equation, of which the 
sides admit of different values, such as arises from performing a 
general operation upon a general form, may be considered as an 
ambiguity of this form, 

Ax» or Aj, or A3 « • • • = B^, or B2, or B3 • • • • 

in which, though we know that A| has its equal on the other side, 
we have no right to say that it is B„ for it may be any other. And 
the same of A,, &e. And all we know as yet, and indeed all we 
shall find, will shew us that, in operations conducted in all their 

generality, there will be complete identity of this kind : every value 
of the first side will have its value on the other. We shall not have 
A, and A,j both equal to B,, and left without a value. 

As long as our inversions only involved tlie production of two 
values, as in the square root, or of three, as in the cube root, there 
was little need to embairass the subject by geneial ideas upon inver- 
sion: each case was the best index to its own peculiarities. But 
now, when the simplest cases we have to consider give infinite num- 
bers of invetsions (seeing, for example, that though an angle has but 
one cosine, a cosine has an Infinite number of angles), we must 
watch our processes very narrowly. By trusting to limited notions 
of inversion, many errors have been introduced, some of which we 
shall point out in the sequel. 

Returning to equation A, we roust first find the arithmetical 
logarithm of the second side. We shall need some considerations, 
which the student will read with the more attention, when he knows 
that ho is thus in reality entering upon a most essential part of his 
future studies, namely, the Differential and lutegial Calculus. 
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CHAPTER VI. 

NOTIONS OF TilE DIFFERENTIAL AND IKTEGRAL CAU:VUJ9, 
SUCH AS WILL BE REQUISITE IN THL 3UCCJ:.£DINO 

CUAPT&RS* 

(126.) Lbt any fonctioD of *,/r, have a certain value given to x, 
namely, a. Then let * haw the value « + A given to it, and let the 
diflfeienoe of the lesuUing values of the ftiDction he taken, namely, 
j + A) — /fl. Instances i 

^+* — ^, sin(a + A)— sina, (a + A)^ — a«. 

This difference, if tlie function be continuous {Algebra, p. 102), is one 
which diminishes without limit at the same time as h. When the 

fraction fJSi±B:=£^ {Algebra, p. 156) has a finite limit, let it he 

h 

called the derwed funcUon of fx, for the value x = a. Or, in 
general, let the limit of ^^f+^ZIs^, made hy diminishing A 
without limit, be styled the derived function of fx, if it be a rational 
and continuous function of ». Let it be denoted by D, that is, 

limit (if tbeie be one) of ^ ^-^ — J) fx, 

ioT example {Algebra, p. 225), 

Theiefoxe (^fe«*n»» P* ^^7*) " ^' 
sm0^h) '-^in^ _ ,io-ir2^4^ + cosaj'-i^ and by (46,47.) 

Dsinx = sina? X 0 + cosa? X 1 = coax 

co8U4-A)~CQs^. ^ cosa? S2ii^ - sina; ^ (46, 47.) 
h ft » 

Dcosop s= cosa; x 0 — sina: x 1 = — sinar 
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(127.) Now precisely the same results are obtained if we use 

and diminish h and k without limit. For mataDoe» 

sin(x4-/t) — sin(x + /c) . cosA — cosA: . sinA-- sin/c 
A — & — wn* -^col» 

uax X 2[, ; +coiar x 2 

— sin J- Mu i (A -f- A) ^^f^^f^y + cos a; . cos ^ (/i + k) — 

the liniit of which^ diminishiDg A and A without iiaiity is as already 
obtaiiied, 

as iiax X 0 X 1 + cosr x 1 X 1> or cotjr, that it^ Dtinx. 

I>et the student try the other iustances in a similar manner. 

(128.) Theorem. Required the relation which must exist between 
two functions which have the same derived function. 

het the derived function in question be P, and let Q and R be 
two functions, of both of which the derived function is P. het 
R s Q + T| T beii^ the difference of Q and K; and when x is 
made s-^h, let R', Q^, and T be the values of the three, whence* 
since R as Q -f T is supposed to he an identical equation, we 
must have it true fbr all forms of s, and therefore we must have 
R' » Q' +T; whence 

R — R _ Q^ — Q T ~T 

Take the limits of both sides {Atgebra, p. 156), diminisbiug A without 
limity and we have 

DRs^DQ + BT, or BT as 0, 

because DR a DQ s P. Consequently T most be a function, 
whose derived fimctlon Is nothing for all values of x. Now let 
T(x) denote this Ainction, where we make T the symbol of the 
functional operation, and express the quantity because we wish to 
express different values of it. Then let us suppose 
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T(ar + A)-T(x)- V, 
T(a7+2A)-.T(« + *) = V, 

T(ar + 3A) — T(a? + 2A) = V3 



T(ar + n-lA)-T(a? + «-'2A) = V^^j 

T(x + nA)-T(a:-^^/0 = 
And by additioD^ T(a; + »A) — T« s= Vj + Vg+ . . . • + V«. 

Now, let us diminish h without limit, increasinpj n at the same 
lime in such manner that Jih shall be always equal to a quantity 
Jixed in value, but tohut we please (keep this in mind), and called 
y. (See the process in (101.)). By the nature of this deiived 

V V 

function, -r-^-, ~ . , , . must all diminish wiihoui Uimt with h, for thai 

is implied in tlw Umit of these fractions (which are valaes of the 
derived fanction) being always sb 0. Consequently^ each of V„ V,, 
&c. can be made as small a part as we please of h, and V^-f V,-f> . , 
. . + Vn as small a part as we please ofnky which is always j/, or 

the sum preceding can be raade as small a part as we please of a 
finite (quantity, i e. diminishes without limit. Hence, T(r — T(y) 
a quantity independent of h, diminishes without limit with h, which 
is absurd ; for, not containing A at all, or any quantity whose value 
depends on A, it is the same whatever k may be. Whence does this 
absurd conclusion arise? Mot from the reasoning, but from the 
initial soppositiooy namely, T(jr +A) — T(dr), &c. are quantities 
depending on A. If they depend on A at all, all the preceding rea* 
soning ibUows, and the inadmissible condnsion. The trath must be, 
then, that T(x-fA) — T(t) is not a function of h at all. Neither then, 
does {T(r -f A) — T(j)} 4- T(j") contain h, for we have not added a 
function of h. Thatis,T(jr -f-A) is not a function of A; that is, T(x)is 
not a function of dr. For, if it were, A would be found in T(f + A). 
Therefore T(«), supposed to be a function of s, and, therefore so 
exptessedy turns out to be a quantity independent of Such a 
quantity is called a conitotf with respect to 4p« Hence tiia conclusioB 
is, that if Q and R have the same derived fiinction P, then Q can 
only diflbr from R by a constant qnantity. 

To verify the poaiuve pari of Uie couclusion, suppose Jx = Fx -f-C, 
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C not chaDging when x changes. Then /{£ A) = F (x -f- A) -h C, 
and 

/(X + h) -f* ^ F(x-i-A)-F(x ) 
h h 

eontequently the limits (A diminishing) are the same^ or D/jr ss DF;r. 

( 1 29.) Tu £OR£M. If ^ be the derived function of fx, then the derived 
ftiDction of any in?erse of/op satisfyiog^.|jr a= jr, is — r 

A x-hA-x Jty*-j(' + A)-^.iX 

« 1 divided by + 

Let f_ix = i/y ./liC^" -f-/') = H-^"; tlien /c and A diminish 
wicbont limit together. Substitution gives 

^ 1 ainded by MUOzify 
h ^ k 

Let A diminish without limit, in which case k does the same, and 
we have 

DfLi^ = 1 divided by B/y = ~ == 
For instance, let J x = x% ^^jX = — 

Then D/x =s 2ar s= pj? i. s ~L 

Let yx s= sinx, then we make ^.jX = an angle whose sine is x. 
D/x = cosa; =s 0a; -i = — !— 

^ fx C09X 



* \ sme = X / 



1 1 



0(aug. wh. i>iiie is x) coi>(aii^le, ^c.) 
1 1 



COS (angle whose coHne is (I — x*;* ) (I — x*)* 

The ambiguity of the sign is a subject to be hereafter considered; 
when actual application takes place, it depends upon the following 
proposition. 
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(180.) D/jr it positive for all valoci of*, at wUt^ wAttn s in* 
cmaM or diminishes,/ x does the same; and negative when fx dimi- 

aishes by increase of jr, or increiiRes by diminution of x. We must 
suppose in this proposition, lhai ihe increments or decrements ma) be 
as small as >ve plea9e; and the general algebraical meaning of increase 
and decrease is contemplated. Its converse is aho true. 

Firstly, let J\x -f h) be greater than />, for any value of A, 
however small; that is {Algebra^ p. 63.) let /fr + A)*— be 
positive. Then, h being positive, we have (/*-|- A— ./«) ^ A is 
always positive, and its limit D/jr most be positive. Conversely, let 
D/x be positive, then there are values of A which are so small, that 
/(j+A)— /j must be positive. For if we make 

then II must be an expression ^vi)l(•ll diminishes without limit with h. 
The latter can tlien be taken so .-fnall, that "Dfx -{-li sliail have the 
sign of D/>y that is, shall be positive ; that is, h being positive, 
A(D/x-|-H) shall be positive, or/(jr + A) greater than fs^ 

The other eases of the direct and converse proposition can easily 
be established in the same way. 

(131.) Let X increase from — a to +«, where a may be as great as 
we please, so that we thus suppose a variation of or between any limits 
of magnitude which it may be necessary to consider. We abbreviate 
all lliis into : Let r increase from — to + oc : then the preceding 
shews, tliat whenever (r increasing) D^r changes from to — , the 
function ceases increasing, and begins decreasing, and vice versS. 

Apply this theorem to Dsinx s cos.r, and shew that the sign 
of the cosine corresponds to the current method of variation of the 
sine in the manner described in the theorem. 

The following theorems may be established by the direct process 
in (196.). Symbols not containing are supposed independent of x. 

If SB afXf X B aDfx 

If ipx = afiX + bf^x^cf^Xf D^x = al>fix + bDJ\x ^cD/iX 
Da:- = limit of^i±iip:=£i^== limit (m*--i ^n^!!l:zla;'-'^h + ....) 

(il/ge6re, p. 217), or Dx^ = wt«"*~^ 
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D:^ss2x, Dor's 3a!«, Dai* = ^a:-*, Dx-» ass — x-*,&c. 

Djt = limU of ^ ^ ^ ^ » ^''"'^^ 0^ ^- ^''^ ' being in<- 

irariable, as h diminishes witliout limit, it remains the samej or 
D« s 1. Simiiarlyy Dax ss a, D(ajr 4*6) = 0. 

This being umvemlly tnie, we nay write for 2ap a, for 

Su!. which gues 

(132.) We have hardly thought it necessary to slate that if two 
functions be always tiie same in value, their derived functions must 
be the same in value. But (124.) we must not take a limited furm 
of one, and equate its derived function to that of a limited form of the 
other, withonl first ascertaining that our limited forms are realljr 
equals. 

Thft derived fonction of a function of a function of Is thus 
found. 

Let us suppose ^(/jf). Let/(jp + k) ss/x + H ; then we have 

D ^/x - >i-u of »/(*+;)-f/' , u»U of tLfE+J^hzMs . II 

» of »C/*+H)-f/r ^ of/C 

Now h and II dimmish without limit together, and the first limit 
would be r, but that fx is in the place of x. It is, therefore, 
what D(px becoines vihen/x is written for x» The second limit is 
D/x; wlience 

r\ ^ T\ /with X afterwardsX y,. ^ 

Thus D cos 7/2 X = — sinx (a: changed into wjr) X Dmx 
(131.) ss •»-siainx X m 
Dsin(j;^) ss: cosx (change x into X Dx^ 
ss cosOP^ X 5^ : and so on. 

(133.) Dlogjris limit of 1 (logJ+A — logx) ; or of llog(l + 

t. 
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thftt IS, 

DlogX =: - Dio^X = X Dfx 

VVe shall now be able to procped with tlic expression of the 
inverse trigonometrical functioDs, and with the exteosioD of what has 
been already done with the direct fiinctioiis. 
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CHAPTER Vll. 

COMTINVATION OF THE COMNBXIOK OF DXBBCT AUD IKVERSB 
TBIOONOMBTBICAL FVBCTIOVS. 

(134.) Bit sin"**, cos""^*, tan*^ we mean in analogy with (122.) 
the angles which have g for their sine» or cosioei or tangeot, when we 
have both sbi(tiQ^^«) s and 8iD''^(siQ4r) = jr. That is^ of all 
the possible aogles cootained in such a formula as 0^2mw, and 
having the same sinei there is one specific angle which is denoted by 
sin~^x, answering to the convtrtible inverse /*~*x. But all other 
angles contained in the same formula will be denoted by sin_|X, 
answering to the inconvertible inverses denoted generally by yLi'- 
Whatever a dne^ or a tangent, may be in valuCi there is an angl^ 

lying between — ^ apd + ^» to which that sine or tangent belongs. 

Not so with the cosines, all of which aie positive between those 
limits. But all cosines are found to belong to angles between 0 and 
ir. Let the fundamental angles to which any given primary func- 
tion is attached, be chosen between those limits. For instance, by 

ft 

sm~^(— i), is meant— ^; but we have 

that is I ± (2fli + l)4r 

We find, in foci, the following general equations : 

sin_ir = sin-*a:± 2»i4r or ± (2m + l)flr— sin^^ar 
cos^iX =5 cos"* dt 2»nr or i %m*x — cos"*x 
tan.ix s tan~^;F ± 2m4r or tan~^« ± (2m + 1)** 

These are, in fact, but a combination of the propositions that there 
ate in the first revolution two distinct angles, having the same sine. 



Digitized by Google 



112 CONNEXION OF DIRBCY AKB 

cosine, or tangent, aud thai any nuraber of revolulioas added or 
iubtracted, dues not alter the sine, cosiDe^ or Uog^eat* 
(13d.) We have shewn (129.) that 

but which sign we should take has not been determined. If we 
consider that while x Mcmset from to + 1* ^ angle mcrvBKS 

from — ^ to + ^, we see (130.) that the positive sign must be 

chosen, or that we ha?e 

Dsin'^x as the positiTe value of (1 x^)'^. 
Expand tliis by the binomial theorem, which gives 

D*.-»« - 1 + la- + Li^ + + 

a scries which (in common with alt others of the kind derived from 
the binomial theorem, AigebrOj p. 210) is convergent when x* < 1^ 

or when x lies between + 1 — i*> every cas^ we 

propose to apply it to. And by (131.) we have 

\ '83 8.45 2.4.6 7 • / 

Bot (128.) two expressions which have equal derived functions, csn 
' only diflfer by a quantity lodependenl of whence we have 



where C is as yet nndetermlned. We find it thus s since it is 

independent of x, whatever value ii iias for oiie value of x, it has the 
same for all. X^t then jr = 0 (read carefully Algebra, p. 189.) The 

only angle between — ^ and + which has 0 for sine, is 0, 

and the preceding then becomes o s C + 0| or C s 0. That iS| 

sin ix«:;t + 55 + 5^55 +5^gy + .... 

Nowy the only angle between 0 and w which has ibr cosine, is 

» — sin -^x, so that we have 
8 ' 

. ir 1 a» 1 . 3 X* 
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wbidi is tlw MOie mnH at we should obtain by going thioogh the 
same process lirom the beginning, as ^ now proceed to do. 

(13d.) Returning to (129.)* let/« cos jr, then B/x or f x = 
^sinjr; theiefore» 



sin(cos-»jr) (I— 
where the sign is undetermined ; but as r diminishes from + 1 to 
— 1, while cos"*jf increases from 0 to w (the limits (134.) between 
whici) it is contained), we must take a negative sign for Dcos*'^j:, or 
a positive lign for (1 <— We have, therefore, by the same steps 
as before, 

Dcos-»x«s -(l +la:'^+li2.a:4^.^_J 

or cos '^o; s= C — 1 ^ zr^ — 

2 2,4 

and C may be determined, as before, by making a 0, which gives 

cos'^O s C. But between the limits of definition, - is the only 

2 ' 

angle of which the cosine is 0, and we have, tlierefore, 

cos-^x = ^ — X — ijt* — li^a-* — .... as before. 
2 2 2.4 

(137.) But we must now avoid all appearance of an unusual 
degree of caution without any particular reason shewn, by further 
examination of the pro{>o8ition in (128.), namely, that if j » 

"DfXf then ^x — fx must be a constant independent of a . That 
demoiisUation, couducled by reducing tpt — fx s= Tjt, a real function 
of X, to an absurdity, supposed iluougliout timt DT* presented, be- 
tween Tx and T (x -^y), no peculiarities which would remove it out 
of ordinary rules, x and y being specific quantities: and also that 
D (^ « ^f*)j or D ^ 4r — D/x, fulfilled the same condition. But 
there may happen cases in which (x + A) — ^ ox fix + h) ^fx, 
do not diminish without limit when h diminishes without limit, or at 
least do not exhibit a ibrm which will entitle us to draw that conclusion 

without further examination. If, for instance, &s i, and jr a o, 

jr + A ss A, we can apply no conclusion of ordinary algebra to ^ — ^, 

when h diminishes without, limit. We might investigate a large 

l2 
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number of cases, but we shall confine ourselves U> one, namely, that 
in which either of the derived ftuielioiis becomes infinite. And first, 
having ehewB that to long as there are derived fanetioiis Df* 
and DfXf within the eenw of the deAnition, ire muit arrive at 
^ Tx, or Tx is independent of x; fie may assume f (r) 
s/x + (the same constant firom jr & b to jr e 6) provided thai 
between these limits D^jt and Dfx are finite; if, therefore, a 
change lake place in the value of the constant, it must be at the 
point which our reasoning does not include. For exaniple, let 
U*y A be finite and intelligible from x as a to x s=: 6, and also from 
sssb + k to x = c: but between x s 6 and x as b-^k let there 
be a value which makes Dfx s oe . We know^ then, that if 

r (C,to be determined^hut 
from X a to X sgt bp fx ^fx of one value between 

(. those values of jr). 

from « « 6 + A to « ^ c, fa? sft/r + (C, ditto ditto). 

Are we at liberty to say that C, must be C ? Certainly not : for 
if we attempt to reason by the process in (128.), from x = a to x =s r, 
we include the case about which we can draw no conclusioii, where 
D/jr s oC| and where it is by no means evident that V|-^ V,-|- .... 
+Vii (in thai article) will diminish without limit. We cannot sbew^ 
nor is it always true, that when D/jt is infinite, a change takes place 
in the constant ; hut we have shewn the converse, namely, that if a 
change do take place in the constant, it tnust be when x under- 
goes some remarkable change of algebraical condition, either passing 
through infinity, becoming impossible, or the like. Let us suppose 
ourselves at a point at which the ciiange of value takes place, and let 
it be when x = f . Then, when x is ft, the function in question is 
represented by A)-fC, but when + by/(*+4)+C,. 

Henee, calling the general form of the function. 

Now, in cases where D^r and D/x are finite for « s 
,^,^H)-,^t-H) ^ /C' + *)-/(^-*) , ^ aimi. 

nishing A without limit, give the derived functions of ^x and^x; and 
from the preceding it appears, that the difference of those derived 
functions will be the limit of C — C) A, or infinite. But the 
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diAreim of two fiute^tiaBtaties CMmoi be mfinile ; wiMnee we flMy 

conclude, that D^x and D/x are not both finite, and as tbey are 
always equal, both will mcrtase vviihout liiiui together. 

(138.) Tlje prtcedmi; results (135.) may be iiri mediately mnrie to 
GODfirm this conjecturdl reasouioj;, for it is hardly more : we see that 

from X s — ^ to X as -f p we have 

-1 ,1 , 1.3 . 

which, when s ssl, gives a slowly con veiling series for — . But x 

never incfeasei beyond 1, therefore Ibis series ean never represeot 
2«r 4-s!n"^jr, which is the first value of sin^^x greater than ^, be- 
longing to the supposition on which this series was deduced (135.)» 
naoiely, that s and sin-ijr increase together. In (act, if we suppose 
ir to vary from — 1 to +1, sin**! jt then itureatingf we shall find that 

1 If w 

sin**^ varies from — - to -fx 

2 2 

2 IT 4- sjn'*^x varies from ^ to ^ 
' 2 2 

2 WTT + sin"* X varies from (4 m — 1 ) - to (4//I + 1 ) r 

so that the general value of sin.jx (when x and sin-^x increase 
toc:ethcr) is as follows. That value which lies between 4in— i and 
4 IN 4- 1 right angles^ is 

o 1 X* 1.3 x^ , 

for all values of m, positive and negative. 

Similarly, the value of cos„|X, which lies between 4m and 
4;/! + 2 right angles (which includes the cases where cos'^x decreases 
as X increases, as in (136.)) is 

(4m+l)^-*-i^ ~ •••• 

And at the points where the constant changes x is + 1, or — 1, and 

Dsiii_ji-, and Dcos^jj (129.) become infinite. In a note at the 
end of the work we shall collect the various cases, including the 
change in the form of the series itself« arising from the change of 
sign in the difierential coefficients. 
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Vfk hive mm to eaniMcr m# «iid lui^i*'. The deve* 
lopeBMDtof At fecmer iii a leriet of powers of « b ofUltle conse- 
quence as a result ; but the methodji hj which It witt beie be obtained 

are impottant m otlmt and more UMifui dedacuuus. 

Thkorem. a function of x, which is onaltered by changing the 
sign of J, or which satisfies the equaiion fx = ^( — x), cannot be 
expanded in a series of even and odd powers of x, but can only be 
expanded in even powers : and a function which is changed in sign 
only, and not in numerical value, by changing the sign of or 
which aatisfies the equation f & — f (jr), can only be expanded 
in odd powers of 

Let as Co H- fli a: -f aa «^ + a$ a:' + <i4 a?* + •••• 

Then <p{-^x) = Oq — Oi x a^ — a^ + a^s^-^ •••• 
If ^(j) ss f C'Jr)^ addition and division by 2 gives 

« 0 + fle + «4 a^* + • • • • 
If ^( — x) 3 —^Xf subtraction and division by 2 gives 
tpx «s + fls + CI5 ar* + • • • • 

lu the first case, then^aia; -f asa^+ • « b 0 or (^Aigebra^ p. 188) 

fli 8s 0 as es 0 &c. 

In the second case, + % + • * = 0 or {Aigebra, p. 188} 

Ho s 0 tf^ as 0 &C. 

(140.) The derived function of tan jr is ^. , or 1 + tan'j:; 
^ ' cosV ' 

for (56.) 

tan(j- + A) — tanjp sin(j-4'ib— if) ^ l sinA 

h A.cos(4r+A)cosjr cos(dr+A)cosx ' ~S~ 

the limit of which gives Dtanx as — ^ = 1+tan'jr. 

cos'jp 

Again, tanx, when the sign of jr is changed^ becomes -»tan jr, or 
tan(<»jr) ss — tan^r; whence (139.) the series for tatix must consist 
of odd powers only. We hare, thereforoy to investigate what series 
of odd powers, V, will give DP ss 1 -f P*. 

Let p — ^ Q^^i ^ a^x^ -j- a-j -h OoX^ . . . • 
Then, DP a «i + 3aj«« + 5fl5a?* + 7<i7a^+9tf9«»+ .... 



I 
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-j- alafi ■i'2a3a^a^ -h •••• 

^ • • * • 

Make DP eqaifatent with 1 which gives 

1 2 

flj &s 1, 3a$ lit or s=s ^, 5a4 a Sa^as or sa 

whence, « 4. ^a;S + il ^ ^ .... 

if the onlj seria of odd poWert which has ft property such as the 
tangent must have; namely, to be a function of whose derived 
fonetion is 1 + the square of the fbnetion. But tsnjr, if developabIl» 

at all in powers of must be developable ui odd powers only (139.) ; 
coiisequomly, the preceding series must be the tangent of x, if there 
be ao/ series whatever of whole powers of 9 which is s tao^r. But, 

by common division, we may see that sinr, or + .... 

divided by cosdr, or 1 - + «... does give an equivalent series of 
powers of jr; consequently, we must have 

*^^==*+i*' + n^. + 5S*' + •••• 

The actual division of the sine by the cosine will verify this, as 
follows : 

2 2.3.4 

3* 2.3.4JI^^ •••• 
3-^"" 2:3 ^"^ 



2X5^+ •••• 
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The preceding series must ceaee to be convergent wlien « if 

not before ; and mast, thnelbrey be regeided (A^ebrOf chap^ tx.) as 
an i^gtbrakal equivalent of the tangent. 

(141.) We shall now proceed lo the determination of tan^jx. 

Let us fint take thai valiie which lies between — | and + ^ (194.) 
whieh we have agreed to call tan'-ijr. 

irora (101.) Una? "7==: — ■== = a= -7= — 

the latter fraction being made by multiplying numerator and deno* 
minator of the pieoediog by i'^*^. From this we find 

« ^ 1 'to"^ (^^eira, p. 226, formula 3.) 

1 — V — 1 taujr 

«'-'-^ = 2(V'^.tan» + J(v'^tanic)»+J(>/~liaiij)» + ) 

ss 2 V — l(tanar — itan3j;^^tan^;P«.&c,) 

Before procLcdnig farilici , annex lirm'J — 1 to the second side 
(10'2.), because (124.) we liave no right to conclude that any one 
logaritliro of the first side is equal to any one logaritlira of the other. 
And, to make the question clear of all difficulties, except one, take a 
specific value for the tangent of jr, say '1. We want to determine 
the angle or angles which have *1 for their tangent. Calculate 

1 001 . -00001 . , 

*1 ^ H- — z — and call it 9. 

3 5 

Then» taking the general logarithms of both sides, we have 



2:eV^ — 1 +2flr»V-l = 2t?V-l +2^ri«>/-.l 
or X + as 0 + mr^ and x ^ v ^(fiii-^n)w, 
which is the same as X ^ pie, 

where p is any whole number, positive or negative. By proceeding 
simihurly with the general series, we obtain 

X as (tanx — ^ tan^j; + \ tan^^— + p^, 

a result of a true form ; for (44.) whatever angle v lias a given 
tangent, v-\-p^ Itas the same. The only question is, with a given 
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tangent, to which of the angles does the series itself belong ? To in- 
vestigate this, we shall produce the series itself by aid of Ibe liist 
chapter, firstly, we must investigate Dtaii.|« (129.) 

Here fx » tanar, D/x = ^o; = 1 -f- tan^x, 

•pv r 1 1 ^ 1 

or . Dtan^jO? = = 1— — 

{Algebra, p. 16), from which, by reasoning similar to that in (135.) 

tan^jOf = « — 1* + ^— .... +C. 

Now, if we look at (t^d.), we see that the only supposition on 
which the ronontng there given can foil, is where x itself is infinite ; 

for j^p^ never becomes infinite for possible values of x. Conse- 
quently, between tan.|f s= and tan^^x = +^ ^ do 
change of valne of the constant. Let C| be the value of the constant 

which belongs to the interval between — ^ and + ^ (in which tan^, jr 

2 2 

is tan_|x); then 

but when x = 0, tan-ijr = 0, and therefore, as in (135.), C, =: 0, 
or we have 

tan-iar = x--- 4- 



for X write tanx, and (134.) we have 

X tanx^ltAXk^x 4- llm^x^ &c 

that 28, the value of the series is the angle wluch has the tangent 

specified in it, and which lies between — - and + 

2 2 

This series is convergent only when tan* is less than 1 . But we 
may immediately produce a series which shall always be convergent, 
as follows. Fruia (^ioo.) 

. _i . 1 1 .3 J* 

for X write sinjr, wiiich gives 
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,11., , 1,8 1 . 5 , 



for iiax write tatnx -r> >/(t -|- tao'jr), and then write taii~^^ for 
wbkh gi?et 

which will be found {Aigebra, p. 182) to be always convergent. 

(143.) As an exercise, deduce from x s tan jr — ^ taoV + kt. 
by taking derived funetioos of both sidea, the following leria: 

coa«« s I - tan*x + tan** — land wify them 

nxk*x s tan^j7^ian^^ + ian^d?^ otherwise, 
(143.) A series of periodic quantities, such as 

sio^ + sin2^ + sindtf + sin4^ + admf. 

can neither be called convergent nor divergent, if for 0 we take any 
value, these sines will be a succession of positive and negative quan- 
iities» in parcelsp no one of which exceeds unity, If» for example, w^ 

had 9 ss the series irould be 

1 +J^/2 + 0-^^/2-l-4^/2-0) 

4- a sicond parcel of the same form ; 
+ a third ; + ad inf. 

to which we may give the form 

(1 + V2) {1 ^ 1 + 1 ^ 1 + ad in/,) 

The meaning of this series has been already discussed in Jlgehra, 
p. 197. The question is, are we now to say that the preceding seriei 
is €ne''half of 1 + ^2. In the chapter cited, we Ibond the series 

1—1 +1 — 1 + to be a (then) unintelligible limiting form 
of 1 — JT + J:' — + which was always arithmetically equal 

to — ) as long as s was less than 1 ; whence we assumed i ss 

1 — 1 -{- 1 — . . . .y and found iliat the one side was an algebraical 
equivalent of the other. Let us then examine the series 
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which we may now call convergent, as its terms are severally less liian 
those of the series x -f ^ + ^ + . . . ., which is convergent. We 
sum Ibis writf in various wajs^ of which we shall choose two. 

1. sin(?i + 1)^ + 8in(n — 1)^ = 2sin»^.cos^ gives 

It = l.:rsm24 +0 = 2xtui4.oo8l 

» = 2, ^8in3^ + oT^siD^ s 2a;^sin2^ . costf 
n ^ 3, s^tm40 ^dn20 = 2A^sin3tf .oos^ &c. 

If, then, we call the sum of the whole series S» end sum these 
eqmtioiis ad ii^iaUumf the sum of the first column^ r sin 29 + 
sin39+ ..«. is (S— jrsin9)-£-4r; that of the second column is 
xS; that of the third column is dScosO. Consequently, 

S — or sin 0 Q « Ts'inO 

+ ;p S s 2Scos^, or S s 



2. Let the sines be replaced by their ezponential values, wliich 

gives 

1 xy 1 Jry-* I xy—sy^ 

1— 1— 2V ^ 1— Cy+J^-0-r + ** 

_ 4p ^ — .y-^ xsin9 

~ l_(y-|-y-i)4r + jr» ^ 1^2cose.x+ir* 

the same as before. Now, if in this result we make x =5 1^ we 
find it become 

sin 0 2 s-n ?, 0 . cos A 0 , 0 

— — or or A cot- 

2(l?^ces9) 4si^,i « 2 

e 

Ibu jcot- s sintf + 9in2d + »o3d + .... 

on which we rausl remark , ifiat uriilimeiical equality has ceased, 
and that the sign = can only mpan ( Algehray chap, ix.) that one side 
may be substituted for the other without producing discordaooes in 
any arithmetical consequence of the substitution. For instance, we 
shall consider the following result, which those who have any idea of 

M 
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arilhmelical ideoiity between the two will be surprised at. TUe 
smaller we make 0, the grentu is the value of the series. On which 
remark, that this is not a scries of terms with hxeii ^ign:^, but one in 
which the signs are positive and negative in parcels, the number of 
terms in each parcel depending upon the value of 9, First, let 9 be 
diminished uatil the ftrst tkrm angles lie ill the first tiro right angles 
the signs then aie, 

■ 

••«••• 

let further diniinution take place until six angles are less than 
the signs are then, 

+ + + + + + 

and so on. JNow, one very simple case of the series is that in whi 

0 is a measure of ir, say =s r. We have then sin(ii& •<|- 0) as 
^ sifi^y siQ(iiO -f> 2i>) s — > sin 2 6, &c.; ee that» if we fwt « Ibr 
sin0-}- sin20 -h •>•• '{'SinnBt we have a — o + o — a+ or 

1 a for the series. It vemains theoi only to find an expression for a; 
now we have 

5iV— i il— y 1 — 1 

~ 2vz:i 2— 

sin0 -f sinnO — sin (« -f- 1)0 
2(1 — cos^) 

which, if A0 s ir, sinnd s 0, sin (n + 1) 0 s slnO, gives 

« *= sin0 a J series already found. 

2(1— cos 6) 2 ' 

(144.) If 9 s ^w, m and n being whole numbexs, and if FO 

be a primary function of or any function whatsoever of primary 
functions which is really periodic, the series "BO + + .... can 
always be reduced to the form a'^a'\'a^a+ and the whole 

question of assigning an algebraical equivalent to4he eeiiesy incite 
terms, is^ therefore, made to depend upon the considenoieM deve- 
loped in the ninth chapter of my Algebra. And, when 0 is not com- 
mensurable with TT, we know that 9 may be found to lie between 

~ TT and ^ - w where n is greater than any number natned : so 
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that the question in any other ca^e is resolved into the general 
question discussed in the treatise on Number and Magnitude. 

(145.) When both the series and its algebraical invelopement 
are periodic in value, there is generally no difficulty wiih regard to 
the coostams which may enter. But it may happen that one aide 
increases without limit while the other side is periodic, in which 
case a discontinuous constant must enter* 

For instance, let the series be 

1 1 
sin^ 4- r8in2^ -f -sin3^ -f .... 

which differs firom that in (143.) by having terms which decrease 

without limit; but which are poi>itive and negative in parcels deter- 
mined by the value of 9, This series is, 

Now, (4ig9bra,p.9M) y + ^y' +53'' + — — i^) 

r'+iy-*+5r'+.. = -iog(i-p 

nhence the series = ^J—^ | "~ ^) ~ y) | 

Because i S9 $-^^^1 5= and, as in (102.), 

the general logarithm gives 

.1.0.. 27rn>/irT — (0 + ir)vCri ©^.^ 

sint) + -sin2^ 4- .. ^ — =: flr» ~ 

« 2V^— t « 

It remains to determine the value of n, corresponding to the 
condition that 9 lies between certain limits, which limits are also to 

TT 11 

be found. Let 0 = the series becomes 1 — r -h — .... or 

2 3 5 



(141.) tan~M, that is whence we find 

4 



* I use this word as opposed to dteehpmentf thus 4 is the inre- 
lopsmentofl— 14>1— l-f- 
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Similarly^ cii— — j ornsO when # as «— ^ 

Now, the addition of Sir to tho first aide of the eqaation creates 

no difference ; neither must it do so on the second sidtj. To satisfy 
this condition, consistently with those just deduced, and also with 
another which appears immediately, namely, that a change of sigo 
io $ changes the sign of the first side, and, therefore, of the second, 

let n, be the value of j» between 9 s 0 and 6^^, and tu between 
9 as 0 and 9 ss — ^« We hnve then 



iriii— - 



2 



the only value of which is n, as 0, ft| ss 1, since the only change 
consistent with periodicity is the addition of whenever 0 has re- 
ceived an increase of 2 ir : and since n is 1 when ^ ^ ^» nnd 0 ifhen 

0 a — and the change takes place when $ changes from negative 

to positive, it must be as just stated. Such an expre^ision as a — — 

can only thus be made identical with a periodic series; for, when 0 

9 

becomes 0 -f 29r, then the preceding becomes a — ^""^y in which, 

if the same succession of valnes is to recur while the angle changes 
from 9 + 2ir to 0 + 4ir, must be increased by w, so that a— • ir 
may be then what a was. The result is that 



0 s: 0 to ^ » 2«' 



2 


lytog « 
between 2 


IT 

2 


e^w 


ir 


ir 


2 


2 


2' 


9-\-w 


ir 




2 


2 


"*2 



and so on. 

(146.) Iiet us consider the series 



2 9 
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which is Kdiioed to the preoeding by « « l. SubsUtuie for sine, 
as in (145.)9 wd (he preoeding becomes 

^[og(l-p.l<^(l-«^)} or -^logjfl^ 
But y = cosd + >/"=Tsintf 1 = cos^- V^sin^ 

wbence the series is ^7^1og^_^eo«ia-«sine^^^ 

Let 1— a cose as rco»^, asiaQ = rsin^, whence f = 

t-n .(. V The value of llie series beeoiees 

\1— a cose/ 

1 cos (ft 4- v*^ 1 * 

= = J:ir ^ + 

asin^+5sin2tf + .... = «ff + lan ^\^ ^,^,^^J 

where tan_, is changed into tan-», as the difference between the two 
is expressed in the remaining term. In the form here given, n will 
have only one value ; for lau-i a is not a continually increasmg term, 

TT IT 

being limited to that angle which lies between — , and + -. And, 

when a is very small, llie preceding series is very siuaa, which cannot 
be true of the second side, unless n = 0. Consequently, we have 

This brings us to consider the difference between un-^ tan& 

ft ^ 

and 9, which are equals only when 9 lies between — - and + - : 
but, if 9 be greaUr than-, it is not tan-' ton 9 which is = 9, but 

one of the values of tan-itonO. Consequently, as 9 increases in 
successive revolutions, the expression Un-'tan0 is periodic, varying 

continually between J and — ~. And similar considerations may 

be applied to sin-'sind, which has the same limits, and to cos-'cose 
which has the limito 0 and We shall immediately see tlie use of 

M 2 
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Ibis whcD we proceed to the aeriei of leet erticley oontideied as a 
particular case of the present one. Let • 8 1^ then we have 

asiod 2sinJ.cosJ q 

or l»n-itan(^ — ^) a sinl + ^sin2^ + |*in34 + 

if we write the first side ^ — -> we are in error, for the two aie not 

2 2 

the same, except when r — r Ues between ^ - and -f or when 

B lies between 0 and 2t. Such a trniMtioii would require a con- 
tiuual correctioQ, amounting, iu £aict, to Uie process of the last article : 

but tan*>tanjr is, by definition^ the angle wbidi lies between 

and + and has x for its tangent. 

The student sbouM now prove the tollowing theorems^ illustiauve 
of tlie limitatioa of If as distinguished from F.i . 



sin- 1 cos X 


^ 2 " 


X 


from X s 


0 


to x = 


T 


cos-isinx 


w 

= 2 ~" 


X 


from X =: 


w 

2 


to a; = 


+ 2 


cot- Mail X 


«■ 

^ 2 — 


X 


from X = 


0 


to a; = 


4- 



(147.) We now proceed to some adaptations of the theorems in 
c'lap. ii. to the notation of inverse functions. 

sill (si n ~ *x -f" sill"" =sinsin~*T.cossin~*y + cossiu~*jr.sinsin""^^ 

= « V 1 — y -I- y V r^i? 

cos(sin-ijr -J- sin -^y) = V 1 — a'' . V I— ^ — jry 
sin(sin->* + cos-'y) s jry + ^1— jr* V I — ^ 
sin (2 sin- 1 e= 2 jrV 1— cos (2 sin- J jt) =! 1 — 2x» 
sin (2 cos-^ar) = 2 W 1— cos (2 cos-i jr) = 2 jr*— 1 

Is It true that sin (2 sin-^j) s= sin (2 cos-^.i)? if not, why? 
Investigate the consequences of the ambiguity of sign implied in 
^and also ascertain within what limits the following istrue^ 
and when and how it must be corrected. 
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Next^ tan(tan— ijr -j- taxr'^y) = tan (2Um— ^j) = 

This latter equation is tnie whenever the sum of tan-if and tan^^y 
iies between — - and - : but if it do not| say, for instance, it lies 

between ^ and «>, then either r must he suhtiaeted from the first 

2 

side, or tan_i must he used on the second ; aiid so on. In the same 
manner deduce (with similar iiraitation)| 

tan-i* + tan-iy + tan-i« s tan-i ( iL±J(Jl£ZliZl) 
(148.) Let JLJH si or y s l^-^ which gives 
tao-1* + tan^i ( 1 "f - = ^ 

Let jp » j< = 1, and then Un-ii + tan--»| =s J, 
which gives an easy method of computing the value of r. for (141 .) 

1 1 

Write p and ^ for - and - (divide by 4 and 9 at every step). 



P' 
P" 

15 



p" = 

p" = 



•r>oo(uioooooo 

•126UUUU0000 
'03125000000 
-00781250000 

•00! 95ni-2,-"0O 
•000488-28125 
•00012207031 
•00003051758 
*00000762940 
•00000190735 
•00000047684 
•00000011921 
•00000002980 
•00000000745 
•00000000186 
•00000000047 
•(K1O00C00OI2 
•00000000003 



•33333333333 
•03703703704 
•00411522634 
•00045724737 
•00005080526 
•00000564503 
•00000062723 
•00000006969 
-00000000774 
•OOOOO0000R6 
•00000000009 
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Now let + iT) "7- " bo doDOled by r^. 



r, s -83333333333 
r« s •00707304527 

s= -00022265699 

r„ = 00000^3827 
r,| = -00000044924 
r„ = -0000000 J'271 
rg, s -00000000119 
s *00000000006 

84063894899 



'I* 



05401334568 
00U8139248 

00004490239 

00000203915 
OOOOUU 10043 
00000000518 
00000000028 
2 



4* 



05524078561 
84063894899 

*78539816338 
4 



«• ss 3*14159265352 
which is correct, with the exception of the last place. 

1" 



(149.) sifi-ljr 88 cos-Vl— x« ss tan-J 



.5 



, &c. Form 



all similar equationsy and explain under what limitations ihey are 
true. 

It must be observed that every such eqaation becomes true (134.) 
when sin.i, 3tc. ave substituted ibr Bin-i| &c. But it does not follow 
that the same value of m in the general equation 

sin.io; = 2»»«' -f sin-^A' s= (2in+ l)^'— sin~*ar 

must be applied on both sides of the eqoatioo. 

(150.) The angle aia-^j: is made, by conveiUwn, a periodic angle. 

It changes through 0, 0» ^, 0, &c. while s ehaages through 0, 1^ 

0,-1, 0, <^t-. 

If « be greater tlian 1, the angle sin^^x becomes impossible. 
If in the expressions Ibr sinjr and cosx, we write for x, 

we have 



sinOp^/ — l) = — 7=4- 



cos ^0,- V 



or 



or 



2 - ^—t 



= cos(a; V — 1). 



2 2 
The right hand sides of the equations are no longer periodic ; and in 
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the same way as all fiincdmis of sines, cosines. Ice. may be expressed 

by exponential functions of .i and «/ — 1, so all exponential functions 
may be expressed by forms of sines and cosines of x"^ —1. 

(161.) We may Uius always give to periodic series their correct 
periodic values, either in terms of the primary functions, sines, &c. 
which are periodic, or by the introduction ot period anglett sin-^sinO, 
cos-iooeOy &c. Having illustrated this point, on which freedom 
from error mainly depends, I shall proceed in the next chapter to 
some applications of trigonometry, which will give a first view of the 
manner id whicli ii is u^td m asuonomy aud oilier blanches ui 
physics. 
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CHAPTER Vill. 

APPL1CATI0H8 OF THB PaECBDIITO CnAPTEHS. 

(152.) Toe following question orrLirs suveral times in astronomy: — 
If tan ^ = mtanO, required ihe developeuient of ^ m a series ot terms 
which shall be fuoctiona of m and 9; the supposition being thatm 
is nearly unityi so that one value of ^ is nearly or ^ s 0 nearly 
is the solution to which better ap|>roximatJon is reqnired. Let 
be called n; then we have 

or , := m 



1 — — :-: 1 1 — W/— : n \ _i_ 1 _L 



Now — 'X* ^ ^ ^'^"'TTi ^ (l-wQa -fi^. 

' * + l ' Jr + I 

whence it *^s= / — T — ^I^C^Tt— 

or logfT^ = log(l +C1J'') — log(l log??'' 

But if"^=f"^^^ logn-**« -2f^/^+2«'Il^/3^,&c. 

whence 2^ +2irw>/"^ = ~2dv/^— 2flrnV3T 

Divide both sides by — 2>/ — l, and since » + »' is simply any whole 
number positive or negativei, which call r, 

^ — r«- s i) — 2i;8in2^ + ^8in4tf ^^sinGtf + &c- 

Siuce ^ is to be the value nearest to 9, we must have r ss 0, or 
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(153.) Let it now be proposed to expand the first side of the fol- 
lowing equation in a series of the form of the second, 

_i s aA + aicosd4-fi2cos2^4-a3cos3^ -i- 

1 + co$ 9 " 

Assume x^-hf^l 2xy = e 



Let 



= jgr g^-Z-i = «. Then, 
a* 1 1 



1 -t-ecosO 

= (1— ;2« + £V-...) (l-ico-^+;:2i,-2_...) 
_ (l— 2«costf+2««co82d— 2«'cos3^ + ..-.} 

1 — 8* i 



Now, 2a; = >/l+e+\^i-e 2y = Vl+c-Vl-e 

V 1 -i-fc -fv 1 — c * 



l-fecosO Vl— e« I \ «/ Ve/. J 

If we take ti>e other sign for \/ throughout, we have a 

developement which is an algebi-aical equivalent of the first side, but 
whtcb is divergent when tbe one just found is convergent: It appears 
also that this form of developement is not arithmetical, unless e be 
less than 1. We shall now develope the series in powers of f, so as 
to include every term up to the third power of «. Firstly we have 
(rejecting every term above the third power) 
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1— ^/T:^ 



e 



s J 6 + i 6^ + whence the series is 



Develope the second factor, rejecting all powers of e above liie 
thirdy wiach gives 

(1 + i e^) (l- li±4co»^+ |cos2^- ^eosdtf ) 
Moltiply» rejecting e*, &c. which gives 

* 4 z 4 

Multiply both sides by 1 — with similar rejection, which giYCs 



3 



= 1— « 1 — costf + - cos2d — - cos3d 



l-Hecose 2 4 '2 4 

(154.) We might alao obtain the preceding result as follows 

( Algebra, p. iol). 

1 — 

= (1 — O (1— Ccos^4-6« cos^d— cos'^), rejecting c% 6i.c. 



•1 +«cosa 

= 1— e^— («— e*)co«*+««co5«^— c»co«*tf 
-r 1 — (e— 6S)co8 ^ + ( J + ^ cos2 — c^d cos^ 4- i cos3 d) 
which, reduced, gives the same result as before. 

(155.) Theobkm. While 9 Yaries from 0 to Sir, or from « to 

a + 2 IT, every expression of the form «8inO4-6sin20+ . . . . or 
«tan -f- tan 2 0-}- .... &c. has as rnany j)<>siii\ e as negative values; 
that IS, for every posiUve value whidi the series !)as for one value of 0, 
there is a native value which it has for another, numerically equal 
to the positive value. 

This theorem depends upon another, namely, that in the same 
revelation there is always a second angle 0 to any given angle d, 
such that 

sin ^ = — sin^y sin 2^' s —sin 2^, sin 3^' = — 8in3tf*«*- adinif, 

tan^ — -.tantf, tab2^ &s — tan2^, tanStf' s ~tan3tf-«*- otftnf. 

The anj^le in question is 2 tt -— 0, as appears from (44). It is, 
therefore, evident that being either series mentioned, F (2 v — O) 
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— — i ti. The cosine has not a similar property, but is contained 
with the others in the following general theorem, of which the one 
just giYen is a more simple equivalent as regards the sine and 
tangent. 

Theobem. If 0 be an aliquot part of 2ir and FOssinO or 

co$0, &c. 

Ftf+F(2tf) + F(d^)+ +F(2«' m n§)^0 

This is already proved for the sine and tangent^ since the series may 
he made from the beginning and end, into one of terras such as 
Fjr+F(3ir — x)f which are severally ssO; and the middle terroi 
if there be one, is F(ir) = 0, and the last term F(2ir) s 0. For 
the cosine, if there he a middle term^ F (ir), that is, if » be even, 
all the series preceding Fir may be arranged in terms of the 
form F.r + F(7r— r), each of which =0; and all from F(irH-O) 
to F(2fl' — 0)f the last but one, may be arranged in terms of the 
form F (x + t) + F (2 TT — jt), which are severally = 0. And the 
remaining terms. Fir and F2ir, give Ftt -f F2ir » 0. When there 
is not a middle term Fir, or when n is odd, we must make use of a 
general demonstration derived from the method in (143), by which it 
it is proved that 

A 1 ^ I «A I • A COS0-i-cosnO — 1 — cos(»4-l)0 

cos9 + co8 20+cos30 + .... + cosn9s ■ — — r- ^ L. 

2(1— cos 0) 

the second side of which becomes 0 when n 0 s 2«r. 
Similarly, in (143), we have the series 

'At < AA t • AA • • • A sin 6 + sin n 9 — sin (ti -l-1^6> 
sin9 + sm20 + sm3O + .... +sinttd ss i — -r*jv 

2(1— cos 

which becomes = 0 when n0 s 2ir. And the tame, in both eatet, 
if n9s 2mir. 

Hence it appears, that if we liave such an expression as 
a sin 0 + 6siQ 20 + . . . and if we substitute for 9 successively 

.... np to 2ir, the sum of each of the sets of terms corre- 

n n 

sponding to asm 9, to b sin 20, kc, is = 0, whence the following 
'result. If we take angles uniformly distributed in value between 0 
and 2ir, the sum of the negative values of a sinO 4- 6 sin 2 9 -H* • . . 
will he equal to the sum of the positive values; and the same of 
a cos 0 + ^ooB 29 + • • . * ; more briefly expressed thus : the mean 

V 
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mW of either of the preceding expresaioos is notking. If, Uieo, 
we liave an expression such as -4- a, sin + //^ sin 2 0 + . . . . 
the sum of n values, the angles of winch are unitormly diblnbuted 
through four right angles, will be na^-^- 0 ; that is, a^, or 4^ is the 
mean vaiuc of the series. Hence an infiaite number of ways of de- 
tennioing a magniiude which oscillates 00 one side and the other of 
a given roagnitade: luch as Is almost OTecy magnitude which is 
considered in astronemy. 

<15e.) We shall now inquire into the method of forming the 

l)roduct of two series such as -f «i cos 0 -|- Oj cos 2 0+ 

and /'„ -f cos© -H /'„cos2 0 -f- Let ^(p{n) be the abbte- 

viation of llie scries whose terms are tlie values of (^n for all whole 
numbers firom 0 to qc. Then the preceding series are denoted by 
afl«cosfi9 and 2^cos«0; their sum is 2 («• + cos and its 
mean Yalue their diflerenoe s(«,*6«)GOSR0y and its mean 

value c^— Their product is 3a«^cosii0oesiR0, for every pos- 
sible simultaneous pair of values of m and both being positive 
whole numbers. It is evident, moreover, that -i- q,) = 2/>. -f ^y.- 
if, then, we give the general term 

riidMCOsntfcosisitf its value }aM6m<K>*(M+«)^+|<'ii^«iM(ffi'— n)^ 

we have 

„ coswtf X 2&,nC0s«^ = j2flr„Z>,„cos(/«-|-»)^-f J 2a„5„»cos(2w— 

To find the co-efficient of a given cosine, eos^9, in the pro- 
duct, we must inquire in how many ways m+n may he made to 

give Pf and m—n either p or — p, for cos( — p9) =cospB. Let 
us, then, first ask for the menn vahie of the product, or the term 
independent ofO. T)ic only way m wlucli m -\-n gives nothing (//j and n 
alwnys positive whole numbers, 0 included) is when ;« = 0 n=0, 
which contributes io^bQ to the mean value in question. But m^n 
= 0 whenever m =b 11, which contributes ^ a^^^+i a, .... 
ed inf, i so that the mean value of the product is oJb^'\'\afiy^^\aJi>^ 

+ The student might perhaps think that the mean value 

ought to have been a^fi^^ and may reason thus : If there be a magni- 
tude which, one time with another, is Oq, and a second which is h^^ 
the product is as often above as below a^h^^ and the latter sliould 
therefore be the mean value, liul lliis is not true, as the most simple 
iu&tance will shew. The average of 7 and 3 is 5 ; that of 4 and 12 
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is 8 ; the product of the averages is 40 ; the average of the products 
is 34^. In the series deduced ki (153^ the mean value of the square 
of 1 e cos ^ ia, by the pfeeediag rulei «!+ I^r} + • • • • 



or 



(157.) I now ask for the term of the product wliich contains 
cos 5 6. The number of ways in which m + n can be made =s 5 is 
finite^ namely, 

« = 0 m = 5; 71=1 iits4; »-=2 m = 3; 
which contributes 

to the co-efBcieot. Now all the ways of making m — nssS or — 5» 
are infinite in number, giving 

fit = 5^ nssO, or 0isOy nssS; m^6, nsl, 

or jw = 1, w = 6 ; m = 7, n =: 2, or w = 2, w = 7, &c. 

which contribute 

The co-efficient is therefore 

+a*6o+fl«^i+a76jj+aa63+a9^4+ 



Similarly, the co-efficient of cos nO is 
the half of 



C ihb,^ +aJ)„^i-\ 



The student should now actually niuUiply souie terms of 
2tf«cosnO and ^bmOo^mO, and thus produce the result here con- 
denaedy in a more expanded fonn. 
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(158.) TTie prodact la^s'mnOx ^b^sinmB must be developed 

in a series of cosines: shew how ti e several terms may be de- 
duced, and compare them with those of the last. The product 
2a.sinn&xs6«coswd must be expanded ia a series both of sines 
and costnM : proceed in the same way. 
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CHAPTER IX. 

MiSC£UANEOUS ADDITIONS TO THE PRECEDING CHAPTERS. 

fv this chapter I propose to touch sligluly on several points which 

it is desirable the student should consider, but not necessary, m far 
as Trigonometry is concerned, that he should enter to any great 
depth. 

(159.) Problem. Required a solution of any equation of the 
secood degree which has possible roots^ by help of the trigonometrical 
tables. 

Let the equation be reduced to the form 2ax + & 0, or 
^+ da«'~6ssO, a being either positive or negative, and b being 
positive. Under one or other of these forms every equation can be 
reduced. 

1- ^ + 2aa; + ^s0 gives x « — a± t/a*— 6 

Absuinc /' = a* sin*0, or find 9 from sin0 = s/b-^U y which can be 
done> for, the roots being possible, a is greater than V^. 

d; = — a ± Va^— a^sin''^ = — a(l ^ cos*)) 

0 9 
and — 2asin^- and ■— 2«cos'- are the roots required. 

2. -cH2aa;— ^ = 0 gives x = —a± \^a--^h 

Assume b = a*tan*9, or find 0 from tanO = ^/?-^ t/, which can be 

done, as the tangent of an angle may have any value. 

- B -9 
and ^bMnjr and — V6cot- are the roots. 

N.B. If a be negative, as in x' — 21* — 2 = 0, it will be more 
convenient to solve r'^ 2j: — 2 = 0, and to change the sign of the 
roots of the latter. (A/gebra, Chapter V.) 

» 2 
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Examples (with obvioiis rools for ▼erifieatioir.) 



6=8 



log 6 2)*3010300 
log a 



•1505150 

•17G0913 



1-9744237 
10 



+ jr^l2 = 0 
a ss *5 6 ss 12 

log 6 2)10791812 



•5395906 
1*6989700 

0-B4U6206 
10 



L8m70«>31'43"-5 9*9744237 



L.tan81*'47'12"-5 10*8406206 



logsia 35° 15' 51"'8 9-7614394—10 

2 

19*5228788—20 
loga -1760913 

•3010300 

log 1*000000 200000001^20 

log COS 350 15' 5l"*8 9'9119544~tO 

2 

198239088—20 
•1760913 
-3010300 

log 2000000 20-3010301— 20 
liooUy — 1 and — 2. 

(160.) On the preceding there is a remark to be made, in con- 
tinuation of (120). Having found one root of the first equation 
to be — 2asin^ ^ 9, we perceive that at the point where B was fiist 
introduced, in the expression sin 9, we might, whatever B may be, 
have substitated w — 9. This shews us that in the result, since 
» 2 a sin' 9 is a root, — 2 a sin' ^ (tt — 9), or — 2a C08?|9 
is another root ; that is, the other root, since there can be but two. 
We shall illustrate this subject by giving a method of solving an 
equation of the thud degree. Let Uie equation be 

«»-f-3Aa?« + 3/a: + m = 0 



log tan 40^ 53' 36 -3 9-9375310— lu 
log*/? -5395906 

log 3000000 1 0*477 1216—10 



logcot40^53'36''*3 0*0624690 
logV? -5395906 

log 4-000000 0*6020596 
Roots, 3 and ~4. 
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Assume x ^y'-^k, which gives 

jUi k^^l=ip, 2k^'-'3kl + m =i qt whence ^ « dp^ -^^ 

But (59.) writing 1 — s* for c*, we have ninSB = 3sin© — 4siu^0; 
if, then, we assume 3pi/ = 3 A sin©, and = 4 Asin'0, we have 

g = AsinSd. But the first two equations give A = wlience 
the equation can be solved if 

sio3tf s= ^ for then y as 2Vp.sine 

This requires that should not exceed 4^^, in which ease the first 
equation is rational. But 3d 3 tr has the same sine as 3 9, whence, 
by the same process, we discover that the three following expressions 
are values of which make q = 3py— ^« 

» 

2 1<^sin(^ - ^) 2 Vpsin^, 2 VjSsin (tf + ^) . . . . (a) 
(161 ) If for 1?**^ we write we find 

2v — 1 C ^ 

1 

If for z we take eitlier of these values, - is llie other with its sign 
changed. Let us assume, then, 

Extract the cube root of both sides, and we have 

2*p*«* or 2';/^g^^^ = %/ V4p3_ cf^ VHp 

2y^r-i or 2*^^^'""^ = \/y^p^2::::v^ 

whichy sioce V —1 = — V —1, and — Va =5 V— a, is 
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This M the formula known by the name of Cftrdu» fix ihe aolatkm 
of y^^Zpy-^q ssO. It may be verified as follows :-<*AMiiie 

y^u + v, which gives 



Let «V then tt'+f^+9 



^ + = 0) 



whence u' and are the two roots of the last equation, treated as of 
the second degree. The expression (B) for is then easily deduced. 

The utility of this result (which is of great historical importance) 
is not considerable, and I shall give the following only as exercises 
for the student. 

1. 7he expteasions (A) and (B) cannot both have poeiible forms. 

2. If k, and /c* (106) be the cnbe roots of unity, and if A and B 
be tlie arithmetical cube roots of «* and «*; then u-^Vf consid^md 
alone, may have the following forms 

A + B, A + B^ A + BA«, B-i-Ak, B+AAS 
BA+Ai^, Ak + Bk% 

none of which (from ii o m p) ^ adroissihle, ocept 

A + B, Ak-tBk\ Akr + Bk, 

which are the tliree roots of the equation, or values of y. 

3. The expressions (A) are possible when tdl the roots are pos- 
sible ; and (B) when one only is possible. 

(162.) The equation a^** — 2cos0.a:" + l, is solved by every 

value of Jf which solves 2cos ("^^^~~) -Jr+l =0: for (72) 
2cosp = x-i-- gires 2co8n^ = -i- , 

Shew from this thaL the roots of the given equation are found by 
giving successive whole values to m in the formula 

and shew, as io (103), that there cannot be more than n roots. 
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(163.) Any quantity of the form a-f 6 v"— i can be reduced to 
the form rCcos^ + nndV^). The conditions evidently are, that 
tan 0 =2 fr'-f-tf^ and r s Vo^+ft*. Henoe it is easy to shew, that 
all (bnctions of a+fr>/^9 kxs, may be reduced to the same form : 

thus (115) we have 

(a + 5 {a! + 6' VCH) « r \ cos (^ + 0 + sin {6 + ^) VITl J 

cos»^+sin»tf^— l| 

We may express a -f 6 in the form r*''*^, which is the most 
compendious method of expressing any algebraical quantity wbat- 
soever, aud allows of r being supposed positive. A negative quantity 
is expressed by making B any odd multiple of « (102) ; a positive 
quantity by making 9 any even multiple of ir : a quantity of the 

form ^b'^^ or — iV^, by making 9 of tlie form (4«+l)^ 
or (4m-h3)^y and one of the form a + ^V^ by a value of 9, 

At 

whicii is no whole multiple whatsoever ot a right angle. 

(164.) Among possible expressions, those of the form Acos(«0-f «) 
or Asin(aO -|-«), are such that the sum or difference of any of them 
is always reducible to the same form, whatever the values of A and « 
may be» provided only that « always remains the same. The two 
forms are not essentially different, for 

Asin(a^+a) w Acos + a-- 

To prove the theorem, observe that 

Aco8(atf + a) + A tub(a^ + a') '■= (Acosa + A'cosa)cos«tf 

— (A sin a 4" A sin «') sin 0. 0 

Assume 

A cos a + A' cos a' s L cos X A sin « + A' sin a ^ L sin X 

or L = A2 + A'" + 2 A A' cos (« - c^), 

tan 71 A sin at H- A^ sin m 

AcOSa-fA'cOStf' 

whence Acos(atf +a)4-A'co8(a^+a') = Lcos(atf+X) 
(165.) I shall conclude this cliapter with some examples of a 
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proceit known hf the name of soeccssiTPS suMtatMo. Let m sup> 

pos€ any function of or, ^s, and thai, begiumng with a value of x, 
say a, we form 0a = 6, ^6 = c, = &c. Or, agreeably to the 
notaUon of {Vi2)f suppose lhat we form ^a, ^'*a, ^^a, Sec. Then the 
limit towards which we approach, if we approach my Umii at aU^ 
muft be a tolutioo of fx s jr. 

For intUBce, take the fonctkHi hegia wi^ « s 0^ and 

sQCceMtve substitution then gives 

1* 1+J, l + J(lJ)or li, 1+J0i)or Ij, &c. &c. 

the limit is 3, which is the solution of 1 + 1' r. 

To prove this generally, suppose it found that we can brin^ the 

results of successive substiliUions as near as we please by earn ing 
the [)rucys=» far enough. Let k and k-^z be the results of two 
successive substitutions: then, by hypothesis, k z =: ipk. The 
smaller z is, the more nearly does k solve the equation f jr ss j*. 
Let Z be the limits and let A s where t may be as small as 
we please. Then f f + ^ + ' ^ + 4i which being tnie for values 
of I and jr as small as we please^ gives {Aigebrof page 157) ^1 aas I. 

(166.) As an example, let the fbnction be SO-f sl^^r, where 20 
me ins 20 degrees, and sin r is to be reckoned as a fraction of a 
degree. W e begin with x = 0, which gives 20° ; then 20^4- sin 20* 
is 20'*342, or 20**20'i, and 20"+ sin (20^ 20' i) is 20''-347; which 
is a near approximation to the solution of « as 20 + sin ;r wheie 
1 means one degree* 

(167.) Successive snbatitutionsy finite in number, will sometimes 
give ti^eorems by which the logarithmic tables may be eiamined in 
many parts at once* For instance^ 

sin a: es 2 sin ^ cos ^ or 2 sin | ss sin « • sec | 

X XX XX 

4 sin - =: 2 sin ^ sec - = sin x sec ^ sec - 
4 2 4 2 4 

8, X . X X X . .r JT T 

sm - = 2 sm - sec -r sec - = sin x sec - sec - sec - 
8 2 4 8 2 4 8 

and so on ; whence it follows that 

2^ Sin — =3 SID • sec - sec T kc rr 

2* 2 4 2* 

XXX X . . rt« • * 

or cos - . cos - . cos - — ^ su or 2* sm — 

9 4 8 2 » 
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If If iacratse widKmt limit, die Hmit of the last dividor ia jt; 
whence 



cos- cos- COS- cosrrr * » , • od inf. has the limit 

Tbis affords an easy method of veri^ng the value of x, as follows : 



assume s we have theD 
2 



IT 

COS - . 


COS 


TT 

-.COS 


IT 

1€ 


2 
ir 


log COS 45^ 


0' 


0" 




9-8494850 — 10 


22 


30 


0 




9-9656153 — 10 


«... 11 


15 


0 




9*9915739—10 


«... 5 


37 


30 




9 9979037 — 10 


.... 2 


48 


45 




9-9994766 — 10 


.... 1 


24 


22*5 




9*9998692 — 10 


.... 0 


42 


11-3 




9 9999673 — 10 


.... 0 


21 


5-7 




9-9999918 — 10 


.... 0 


10 






O-9999980 — 10 


.... 0 


5 


1(3-5 




9-9999095 — 10 


.... 0 


2 


38*3 




9-9999999 — 10 



log 3*141593 



109-803880-2— 110 
•3010300 



•4971498 



I should, howeTer, recommend the student not to proceed further 
in the subject of derelopement of trigonometrical forms^ until he 
is able to apply the Differential Calculus, without which the theory 

of series will always be very incomplete. 



TU£ END. 
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